Matrix Approach to

Cooperative Game Theory

Genjiu Xu



The research presented in this dissertation was funded by and carried out at
the group of Discrete Mathematics and Mathematical Programming (DMMP),
Department of Applied Mathematics, Faculty of Electrical Engineering, Math-

ematics and Computer Science of the University of Twente, the Netherlands.

I &% UT/EWI/TW/DMMP
niversity of Twente
Easched  The Retbersnts Enschede, the Netherlands.

The financial support from University of Twente for this research work is

gratefully acknowledged.

The thesis was typeset in ¥TEX by the author and printed by Wohrmann
Printing Service, Zutphen, the Netherlands.

€) WPS
Bl Zutphen, the Netherlands.

Wahrmann

Copyright ©Genjiu Xu, Enschede, 2008.
ISBN 978-90-365-2710-1

All rights reserved. No part of this work may be reproduced, stored in a
retrieval system, or transmitted in any form or by any means, electronic, me-
chanical, photocopying, recording, or otherwise, without prior permission from

the copyright owner.



MATRIX APPROACH TO
COOPERATIVE GAME THEORY

PROEFSCHRIFT

ter verkrijging van
de graad van doctor aan de Universiteit Twente,
op gezag van de rector magnificus,
prof. dr. W.H.M. Zijm,
volgens besluit van het College voor Promoties
in het openbaar te verdedigen

op donderdag 28 augustus 2008 om 15:00 uur

door

Genjiu Xu

geboren op 5 november 1978
te Anhui, China



Dit proefschrift is goedgekeurd door de promotoren
prof. dr. Marc Uetz en prof. dr. Xueliang Li

en

assistent-promotor

dr. Theo Driessen



Contents

Summary
Notation

1 Introduction

1.1 Gametheory . . ... ... .. ...
1.2 Cooperative games and solution concepts . . . . . ... .. ..
1.2.1 Games and examples . . . . .. ...
1.2.2  Solution concepts . . . . . . . ..o

1.3 Linearity in cooperative game theory . . . . . . . .. ... ...
1.3.1 Linearity in the modelling part . . .. ... ... . ...

1.3.2 Linearity in the solution part . . . .. ... ... . ...

The Shapley value . . . . . ... .. ... ........

The family of semivalues . . . . . ... ... ... ....

The family of least square values . . . . .. .. ... ..

The Weberset . . . .. ... ... ... ... ......

1.4 OVerview . . . . . o v i e e e e e e e

2 Matrix analysis for the Shapley value
2.1 The coalitional matrix . . . . . .. ... .. ... ... .. ..
2.2 Matrix approach to linear values . . . . ... ... ... ....
2.3 The Shapley standard matrix . . . . .. .. ... ... ... ..

3 Two types of associated consistency for the Shapley value

3.1 Imtroduction. . . . . . . . . . . .

ix

xiii

S NN =

11
11
14
15
17
18
21
23

45



vi

3.2
3.3
3.4
3.5

Contents

The associated transformation matrix . . . .. ... ... ... 47
Associated consistency for the Shapley value. . . . . . . . ... 53
The dual similar associated game . . . . . .. . ... ... ... 56
Dual similar associated consistency for the Shapley value . . . 60

4 Two types of B-associated consistency for linear, symmetric

and efficient values 63
4.1 B-scaled game and B-associated game . . .. ... ... .... 64
4.2 B-associated consistency . . . . .. ..o 68
4.3 B-dual similar associated consistency . . . . . . ... ... ... 70
4.4 The inverse problem . . . . ... ..o 74
4.5 Conclusions about matrix analysis . . . ... ... ... .... 76
5 Consistency for linear, symmetric and efficient values 79
5.1 Reduced game and consistency . . .. ... .. ... ... ... 80
5.2 Matrix approach to the additive efficient normalization of semi-
values . . . ... 82
5.3 Consistency for the additive efficient normalization of semivalues 87
5.4 Linear consistency and Sobolev’s consistency . . . .. .. ... 94
5.5 B-consistency and path-independently linear consistency . . . . 100

6 Matrix approach to the Harsanyi set and the Weber set 111

6.1 The Harsanyiset . . . .. .. ... ... ... ... ....... 113
6.2 The Moebius transformation for characterizing the Harsanyi
payoff vectors . . . . . . ... 114
6.3 Matrix approach to characterize the Weber set . . . . .. ... 119
6.4 'The complementary dividend sharing matrices . . . ... ... 127
6.5 The extreme points of the Harsanyiset . . . . . ... ... ... 135
6.6 The extreme points of the Weber set . . . . . . .. .. ... .. 140
6.7 Some related matrix representations . . .. .. ... ... ... 142
Conclusion 145

Bibliography 148



Contents vil

Index 159
Acknowledgements 163

About the Author 165






Summary

This monograph deals with cooperative games in characteristic function form
and solution concepts for these games. Our work focuses on the algebraic
representation and the matrix approach in the framework of cooperative game
theory. The organization of this work, which consists of six chapters, is as

follows.

Chapter 1 is introductory. First of all, the mathematical model of a coop-
erative game in characteristic function form is described and some examples
of cooperative games are given. Secondly, we review the linearity in both the
modelling part and the solution part. As a consequence, the algebraic rep-
resentation and the matrix analysis come forward as a natural and powerful

technique in the framework of cooperative game theory.

In Chapter 2, we build the groundwork for applying the algebraic repre-
sentation and the matrix approach to cooperative game theory. The basic
notion of coalitional matrix is introduced. Both a linear game transforma-
tion and a linear value on the game space are represented algebraically as the
product of the corresponding coalitional matrix and the worth vector. From
this, we achieve a matrix approach to study linear transformations as well
as linear values by analyzing the structure of these representation coalitional
matrices. Four bases for the game space: unity games, unanimity games,
dual unanimity games and complementary unanimity games are discussed in
terms of three square-coalitional matrices: the Moebius transformation ma-
trix, the dual matrix and the complementary Moebius transformation matrix.
The column-coalitional matrices of linear values with some essential properties

are described. Particularly, the Shapley standard matrix associated with the

1x



X Summary

Shapley value is axiomatized.

In Chapter 3, we develop the matrix approach to characterize the Shapley
value in terms of two types of associated consistency. Hamiache [37] axiom-
atized the Shapley value as the unique value satisfying the inessential game
property, continuity and associated consistency. The associated game is rep-
resented in terms of the associated transformation matrix and the associated
consistency for the Shapley value is interpreted as the Shapley standard ma-
trix being invariant under multiplication with the associated transformation
matrix. By studying the properties of eigenvalues and eigenvectors of the
associated transformation matrix, we use the diagonalization procedure to
present an algebraic proof of Hamiache’s axiomatization. We introduce the
dual similar associated game such that the dual similar associated transfor-
mation matrix is similar to the associated transformation matrix in terms of
the dual matrix. The similarity of these matrices transforms associated con-
sistency into dual similar associated consistency and vice versa. Together with
the inessential game property and continuity, the Shapley value is axiomatized

once again.

In Chapter 4, the matrix approach is applied to axiomatizations of linear,
symmetric, and efficient values. Driessen [30] extended Hamiache’s axiomati-
zation of the Shapley value to this enlarged class of values, which are charac-
terized by the B-inessential game property, continuity, and the B-associated
consistency. In terms of the B-scaled game, the explicit interrelationships be-
tween these values and the Shapley value are exploited. The B-associated
transformation matrix of the B-associated game is shown to be similar to the
associated matrix in terms of the B-scaling matrix. The adapted B-inessential
game property and the B-associated consistency are derived from the similar-
ity of these matrices. By operating B-scaling on the dual similar associated
game, we introduce the B-dual similar associated game as well as B-dual simi-
lar associated consistency for characterizing this class of values. By analyzing
the null space of the Shapley standard matrix, we study the inverse problem
of the Shapley value as well as the inverse problem of any linear, symmetric
and efficient value.

In Chapter 5, we study the consistency with respect to several types of
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reduced games for linear, symmetric and efficient values. We start from the
additive efficient normalization of semivalues, which are included in this class.
In terms of the explicit interrelationship between the additive efficient normal-
ization of semivalues and the Shapley value, the B-reduced game is defined and
the additive efficient normalization of any semivalue is axiomatized through
the B-consistency together with covariance and symmetry. As one of our main
tools, we introduce the generalization of Sobolev’s reduced game. We show
that the B-scaled game of the B-reduced game agrees with the generalized
Sobolev’s reduced game applied to the B-scaled game. By this relationship,
each linear, symmetric and efficient value is axiomatized by the B-consistency
and the A-standardness for two-person games. Finally, the relationship be-
tween the B-reduced game and the path-independently reduced game is also
discussed. Moreover, we extend the B-reduced game (respectively, the linearly
reduced game) to the weighted version and show that the weighted B-reduced
game (respectively, the weighted linearly reduced game) is equivalent to the
standard B-reduced game (respectively, the standard linearly reduced game)

for the class of linear, symmetric and efficient values.

Chapter 6 is devoted to the algebraic study of the Harsanyi set and the
Weber set in terms of the Moebius transformation and the complementary
Moebius transformation. The Harsanyi set of a game is defined as the set
of all Harsanyi payoff vectors obtained by distributing the dividend of any
coalition S among the players in S for each coalition S. The dividend sharing
system, modelled as a column-coalitional matrix MP, is translated by the
Moebius transformation into another sharing system, the second type of a
column-coalitional matrix M? which is associated with the worth vector v. The
structure of the worth sharing matrix MY reflects that any Harsanyi payoff
vector is the unique value that satisfies linearity, efficiency, the null player
property, and positivity, as axiomatized by Derks, Haller, and Peters [16]. By
the inverse of the Moebius transformation, we study the Weber set in terms
of the collection of worth sharing matrices QW as well as the collection of
dividend sharing matrices P", particularly the extreme points of these two
collections, which are corresponding to the marginal vectors. We achieve a

shorter and intuitive algebraic characterizing procedure for the Weber set by
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the Harsanyi payoff vectors. This matrix approach also yields an essential
interpretation for the former related results of Vasil’ev [96], Vasil’ev and van
der Laan [95], Derks, van der Laan and Vasil’ev [19]. With respect to the
complementary dividends, the structure of the corresponding complementary
dividend sharing matrix MP for the Harsanyi set is also studied in terms of the
complementary Moebius transformation. Based on the fact that an extreme
point of a linear system is full characterized by its carrier, we construct two
suitably chosen linear systems as the second approach for the determination
of the extreme points of the Harsanyi set and the Weber set. Moreover, a
recursive algorithm for computing the extreme points of the Harsanyi set is

presented.
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Chapter 1

Introduction

1.1 Game theory

Game theory is concerned with studying formal, mathematical models of con-
flict and cooperation between intelligent rational decision-makers. Game the-
ory provides general mathematical techniques for analyzing situations in which
two or more individuals make decisions that will influence one another’s wel-
fare. The foundations of game theory are laid in the seminal book ”Theory
of Games and Economic Behavior” by von Neumann and Morgenstern [98],
(1944). Game theoretical approaches usually are classified into two branches:
noncooperative and cooperative game theory. Noncooperative game theory
deals with situations of conflictive and cooperative game theory with situ-
ations of cooperation. As such, game theory has important applications to
economics (Example 1.2.1) as well as other social sciences (Example 1.2.2).

A conflictive and/or cooperative situation arises naturally when two or
more individuals interact. The interaction between the players leads to various
payoffs over which each player has his own preferences. Any player tries to
obtain his best payoff but the other players may also influence the resulting
payoff. The theory of games attempts to put the conflictive and cooperative
situations into mathematical models and then to analyze the models. Roughly
speaking, the theory of games can be regarded as consisting of two parts, the
modelling part and the solution part.

Concerning the modelling part, both conflictive and cooperative situations
are described by mathematical models. Most of the models studied in the

1



2 Chapter 1

mathematical theory of games use, more or less, one of the following three ab-
stract forms: the extensive (or tree) form, the normal (or strategic) form and
the characteristic function (or coalitional) form. The mathematical models
incorporate the rules, the strategic possibilities of the players, the potential
payoffs to the players and the preferences of the players over the set of po-
tential payoffs. According to the rules, it is allowed or forbidden that the
players communicate with each other and make binding agreements with re-
spect to how they correlate their actions. ”Noncooperation” refers to the fact
that players cannot make binding agreements, whereas in the ”cooperative”
framework it is assumed that players can.

Concerning the solution part, the resulting payoffs to the players are de-
termined according to certain solution concepts. The objectives of a solution
theory can be different and hence it is not surprising that several distinct
solution concepts have been developed on the same modelling theory. The
usual distinction between noncooperative and cooperative theory is mainly
methodological: whereas noncooperative game theory is strategy-oriented, in
cooperative game theory the emphasis is on the feasibility of payoff vectors.

This monograph is devoted to cooperative game theory and in particular
transferable utility games in characteristic function form, or TU-games for
short. In what follows, Section 1.2 is an introduction of notations we use
throughout this monograph. Section 1.3 provides a brief description of lin-
earity and a basic idea of the algebraic approach to cooperative game theory.
Finally, an overview of the monograph is given.

1.2 Cooperative games and solution concepts

In this section we first introduce the notation we use throughout this mono-
graph. Next we formally introduce TU-games, as well as solution concepts.

1.2.1 Games and examples

In many economic and other social activities, participants achieve an agree-
ment and form a coalition with the aim of maximizing the rewards or mini-
mizing the costs which they can ensure themselves. Let us look at a typical
example in economics.
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Example 1.2.1 (Oil market game [84]). Country 1 has oil which it can
use to run its transport system at a profit of a dollars per barrel. Country
2 wants to buy the oil to use in its manufacturing industry, where it gives a
profit of b dollars per barrel, while Country 8 wants it for food manufacturing
where the profit is ¢ dollars per barrel, a < b < c.

We model this situation as a game with cooperation between three countries.
Assume that Countries 1, 2, and 3 can cooperate freely for purchasing the
maximal profit v that they can ensure no matter what the other(s) do. Then
we have the following:

v({1}) = a, because if 2 and 3 form a coalition against 1, they cannot force
the seller to sell the oil to them, so it is worth a dollars to the seller;

v({2}) = v({3}) = v({2,3}) = 0, because any coalition of buyers can not
make any profits without oil;

v({1,2}) = b, because 1 and 2 can use the oil at a profit of b dollars per
barrel (1 sells it to 2), and so 3 would have to pay at least b dollars to get it;
v({1,3}) = v({1,2,3}) = ¢, since 1 and 3 can use 1’s oil at a profit of ¢
dollars per barrel. U

Formally, a cooperative game with transferable utility (TU-game) is a pair
(N,v), where N is a nonempty, finite set called player set and v : 2V — R is a
characteristic function, defined on the power set 2V of N, satisfying v(()) = 0.
An element of N (notation: 7 € N) and a subset S of N (notation: S C N
or S € 2V with S # 0) are called a player and coalition respectively. The
associated real number v(S) is called the worth of coalition S. The size of
coalition S is denoted by s. Particularly, n denotes the size of the player set
N. We denote by GV the set of all these TU-games with player set N and by
Q = 2V \ 0 the set of all coalitions. Throughout this monograph we speak of
a cooperative game or simply a game when we refer to a transferable utility
game. It is tacitly assumed that the worth of the empty set is zero whenever
we refer to any game.

Given two games (N, v), (N, w) and scalar @ € R, with the usual operations
of addition (N,v + w), defined by (v + w)(S) = v(S) + w(S), and scalar
multiplication (N, awv), defined by (aw)(S) = awv(S) for all S € Q, the set GV
becomes a real vector space.
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For a given game (N,v), its dual game (N,v*) and complementary game
(N, v) are defined respectively as

v*(S) =v(N)—v(N\S), forall SeQ; (1.2.1)
9(S) =v(N\S), forall Seq. (1.2.2)

A subgame {S,v) of (N,v) is the game with play set S C N, S # () and with
the same worth v(T') as in the original game (N,v), for all T C S.

A game (N,v) is called monotone if v(S) < v(T), for all S,T € Q with
S C T, and it is called superadditive if

v(S) +v(T) <v(SUT), foreach S,T € Q with SNT = .

Particularly, it is said to be inessential or additive if the equality v(S)+v(T) =

v(SUT) always holds, or equivalently, v(S) = > v({i}), for all S € Q. Clearly,
1€S

for any inessential game (N, v), its dual game agrees with the game itself, i.e.,

(N,v*) = (N,v). We call this property the self-duality of inessential games.

A game (N, v) is said to be constant-sum if
v(S) +v(N\S)=v(N), forall SeQ.

Obviously, inessential games are constant-sum, whereas constant-sum games
are not necessarily superadditive. A game (N,v) is said to be simple if it is
monotone and, for each S € €, either v(S) = 0 or v(S) = 1, and particularly,
v(N) = 1.

Essentially, every coalition in a simple game is either winning (value 1) or
losing (value 0), with nothing in between. As such, simple games are applicable
to political sciences, as they include voting games in elections and legislatures.
Let us turn to another example in social life and model it as a cooperative
game.

Example 1.2.2 (Lilliput U.N. Security Council [84]). Lilliput has a
small version of the U.N. Security Council (the numbers get too large in the
real situation) which has two permanent members, 1 and 2, who have the veto,
plus three ordinary members, 3, 4 and 5. For a resolution to be passed, it
requires at least three votes in favor and no vetoes.
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Suppose that a coalition is formed with the aim of passing the resolution. If
the resolution is passed we give worth 1 to it, otherwise, worth 0. For the
corresponding simple game, v(S) =1 if and only if {1,2} C S and s > 3. The
numerical form of this game is given by
v({1,2,3}) = v({1,2,4}) = v({1,2,5}) = v({1,2,3,4}) = v({1,2,3,5})
=v({1,2,4,5}) =v({1,2,3,4,5}) = 1;
v(S) =0, for all other S C N.

Clearly, the Lilliput U.N. Security Council game is not constant-sum. (I

A game (N, v) is called convez, if
v(S) +v(T) <v(SUT)+v(SNT), foral S,T €.

A game (N, v) is said to be concave if and only if (N, —v) is convex.

For a game (N, v), player i € N, and coalition S € Q, the marginal contri-
bution of i to S in (N, v), denoted by m? (v), is given by

5(0) — w(S) —v(S\ {i}), ifiesS:
W(SULY) —w(S), ifigsS.

Convexity of a game (N, v) is equivalent to
v(SU{i}) = o(S) <o(TU{i}) —o(T), or mi(v) <m](v),

foralli € N and S,T C N\ {i} with S C T. Hence, if a game is convex, then
any marginal contribution of a player to a coalition is at most the player’s
marginal contribution to a larger coalition. It is easy to check that both the
oil market game and the Lilliput U.N. Security Council game are monotone
as well as superadditive. Moveover, the Lilliput U.N. Security Council game
is convex whereas the oil market game is not. We turn to a general game
involving mathematical functions.

Example 1.2.3 (Square function game). Let (d;)]-, be a collection of
nonnegative real numbers. By the square function f(x) = 2? we define the
game (N,v) as

v(S) = (Zdj)Q, for all S € Q.

JES
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Since d; > 0 for every i € N, the game verifies v(S) < v(T) for all S,T € Q
with S C T. The game (N, v) is monotone. Clearly, by a?+b% < (a+b)? for all
a,b € Ry, we conclude that (N, v) is superadditive since v(S)+v(T) < v(SUT)
for all S,7 € Q with SNT = 0. For alli € N and S,7 C N\ {i} with § C T,
we have the marginal contributions verifying the following:
m? (v) = d? + 2d; Zdj < d? + 2d; Zdj =m! (v).
JES JeET
Therefore, the game (IV,v) is also convex. We can define a game (N, v) simi-

larly by using any power function f(z) = zP with p > 0, such as an inessential
game (N, v) with p = 1. O

1.2.2 Solution concepts

If a coalition forms, then it may distribute its worth among its members in
any way, and the central question in the framework of TU-games is: how will
or should it do this? In studying this question, it is usually assumed that all
the players who are participating in a TU-game will work together and form
the grand coalition. Without loss of generality, if the formation of smaller
coalitions applies, then the question of how to distribute their worths needs to
be answered. On the other hand, the assumption avoids the equally important
question of coalition formation and the interaction between coalition formation
and payoff distribution.

The question of payoff distribution can be handled by proposing a solu-
tion, 4.e., a map or correspondence assigning a payoff distribution or a set
of payoff distributions to every TU-game. Two related issues play a major
role in the study of solutions. Firstly, a solution should be game-theoretically
justified, which goal can be attained by axiomatic characterization. Secondly,
the computation of a solution may be a difficult task. In particular because
the number of coalitions grows exponentially with the number of players.

Formally, a payoff vector x = (z;)icy € RY of a TU-game (N,v) is an
n-dimensional column vector allocating a payoff x; to player i« € N. The
so-called payoff z; to player ¢ in the game represents an assessment by i of
his gains for participating in the game. A solution mapping(function) is a
mapping (function) f that assigns to every game (N, v) a set of payoff vectors
in RV, that is f(v) C RV,
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For a payoff vector z € RY and coalition S € Q, we denote by z(S) = 3_ z;
1€S
the total payoff to the members of coalition S and next the ezcess of S in the
game (N, v) with respect to z is given by

e(S,z) =v(S) — z(9).

Note that e(S,z) can be interpreted as a measure of the dissatisfaction of
coalition S if payoff vector z was suggested as final payoff: the greater e(S, x),
the more ill-treated .S would feel.

In cooperative game theory there exist many solution concepts, each with
its own reasonable rules for allocating. The reasonable rules of these solution
concepts are mostly measured in terms of criteria or named properties. For
a game (N,v), an allocation xz is called efficient if it exactly distributes the
profits of the coalition N in the game (N,v) among the players, i.e., if

in =ov(N), or z(N)=uv(N).

1EN
The set of all efficient allocations in the game (N, v) is called the pre-imputation
set, denoted by I*(v), i.e.,

I*(v) = {z € RN | z(N) = v(N)}.

A widely accepted criterion for an allocation z in a game (N, v) is that every
player should receive at least the amount he can obtain by operating on his
own, i.e.,

z; > v({i}), foralli€ N.

Allocations satisfying these inequalities are called individually rational. The
(possibly empty) imputation set I(v) of a game (N, v) consists of all efficient
and individually rational allocations:

I(w) = {z € RN | z(N) = v(N) and z; > v({i}), foralli e N}.

The criterion mentioned above could be strengthened by demanding that not
only every player, but also every coalition S € € should receive at least the
worth it can obtain by operating on its own, i.e.,

z(S) > wv(S), forall S e Q.
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The core (Gillies [34]) consists of all efficient allocations satisfying the above
inequalities:

Cw)={zeRY |z(N)=0v(N) and z(S)>v(S), for all S € Q}.

Let us look at the two games in our examples and find their cores.

Example 1.2.4 (Oil market game [84]). Recall v({1}) = a, v({2}) =
v({3}) = v({2,3}) =0, v({1,2}) = b, v({1,3}) = v({1,2,3}) = c. A payoff
vector x = (1, T2, x3) belongs to the core if and only if

z1 > a; x2 > 0; w3 > 0;

T1+ 29 > by T + 13> ¢; T2+ 23 > 0;

X1+ To +T3 =CcC.
Thus, its core is given by the line segment

Cv) ={(A\0,c=A) [b< A< )}

We can give an interpretation to this result. It states that Countries 1 and 3
form a coalition and so, Country 1 will sell the oil to Country 3. Country 3
pays to the seller the amount of x dollars per barrel which must be at least
b dollars, otherwise Country 1 would be better off selling the oil to Country
2, and no more than ¢ dollars, so that Country 3 does not pay more than its
worth to him. (I

Example 1.2.5 (Lilliput U.N. Security Council [84]). Recall v({1,2,3})
— o({1,2,4}) = o({L,2,5}) = v({1,2,3,4}) = o({1,2,3,5}) = v({1,2,4.5}) =
v({1,2,3,4,5}) = 1, v(S) = 0, for all other S € Q. For any allocation = in
the core, the following inequalities are required:

Z; 207 i=1727374a5;
T1+zota3 >l s+t za >l 2y tzot25 > 1
T] + 20+ 23+ T4 + 25 = 1.

Thus, its core is given by the line segment

Cv) = {(\1—,0,0,0) | 0 < A< 1)},
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This suggests that all the power resides with the two permanent members
with the veto. One way of looking at this is to suppose that in the future each
country will be given a percentage of the votes and motions will be passed if
more than 50% of the votes are cast for it. However, the percentage of votes
given to each country has to be decided under the present voting system.
Which distribution of the votes will get passed? The core suggests that only
those which give all the votes to 1 and 2 will get through. This seems highly
improbable at first, but on second thought we can see how this will happen.
Suppose, initially, that 1,2 and 3 decide on a third of the votes each, then 1
and 2 can go to 4, who has no votes at present and offer him é of the votes
say, if the rest are shared between them, 4 would obviously agree to this, but
then 1 and 2 could go to 5 and offer him the same deal for % of the votes. He
would also accept that, as would 3 for i of the votes, and 4 for % of the votes
the second time around. Continuing this bargaining sequence, 1 and 2 could
eventually guarantee themselves as much of the votes as they wanted. (I

The core can be viewed as a solution concept in a sense that it assigns
to every game a (possibly empty) set of reasonable allocations. We would
like to say the core is a solution set of the linear system of one equality and
several inequalities. Core allocations have the property that no coalition can
improve its situation by splitting off from the grand coalition N. Hence, if
core allocations exist for a game (N, v), then it is very likely that the grand
coalition N forms, and that the profit v(N) will be allocated according to
some vector in the core.

Other well-known solution concepts are the bargaining set (Aumann and
Maschler [2]), the prekernel (Maschler, Peleg and Shapley [62]) and the kernel
(Davis and Maschler [14]). The fact that these solution concepts do not assign
a single allocation to a game, but a possibly empty set of allocations, can be
regarded as a disadvantage. Therefore, there is also some interest in solution
concepts which assign to every game exactly one allocation. Such single-
valued solution concepts are called values. Among these, the Shapley value
(Shapley [75]), the prenucleolus (Sobolev [77]), the nucleolus (Schmeidler [74])
and the 7-value (Tijs [88], Driessen [25,26]) are the best known.

Let O(e(x)) be the vector of all excesses e(S,z), S € Q, with respect to
z, arranged in non-increasing order and let <., be the lexicographic order.
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The prenucleolus of a game (N,v) is the unique pre-imputation v* € I*(v)
satisfying

O(e(v")) <iex O(e(x)), for all x € I*(v).

Similarly, for games with non-empty imputation set, the nucleolus of the game
is the unique imputation v € I(v) satisfying

O(e(v)) Rjex O(e(x)), for all z € I(v).

An advantage of the prenucleolus and the nucleolus is that both of them
always lie in the core of the game if the core is non-empty. Existence and
uniqueness of the prenucleous are proved in Sobolev [78], and of the nucleolus
in Schmeidler [74]. In both cases the selection is justified by a principle of
fairness and stability: to minimize the maximal complaint that a coalition
might raise against a proposed payoff.

For a game (N,v), the utopia vector pu(v) € RY is defined by
wi(v) =v(N) —v(N\{i}), forallie N, (1.2.3)
and the minimal right vector a(v) € RN by

a;(v) = max [U(S) - Z uj(v)], for all 1 € N.
J€S\{i}

A game (N,v) is called quasi-balanced if a;(v) < pi(v), for all i € N and

> ai(v) <ov(N) < > pi(v). For a quasi-balanced game (N, v), the T-value
iEN iEN
7(v) (Tijs [88]) is defined as the linear combination of the utopia vector and

the minimal right vector that is efficient, i.e.,
7(v) = Au(v) + (1 = Na(v),
with A € [0, 1] such that Z 7i(v) = v(N).
The utopia vector M(UZ)EZ RY is also called separable cost vector by Moulin
[63] who introduced the equal allocation of nonseparable cost value (EANSC-

value) as a single-valued solution that assigns to the game (N, v) the vector
EANSC(v) € RY given by

EANSC;(v) = pi(v) + %[U(N) - Z ,uj(v)], for all 7 € N. (1.2.4)
JEN
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Obviously, the EAN SC-value is a pre-imputation, but not necessarily an im-
putation.

1.3 Linearity in cooperative game theory

In cooperative game theory, linearity is often studied as a subject and used
as a tool in both modelling part and solution part. In this section we review
some essential examples with respect to linearity, and afterwards the idea of
the algebraic approach to the framework of cooperative games comes forward
intuitively.

1.3.1 Linearity in the modelling part

We first define a lezicographic order for the set € of coalitions. In this order,
for two coalitions S = {iy,42, - ,is} and T = {j1,72, - ,J¢} with i3 < iy <
co-<gand j; < jo < -+ < g, S precedes T if and only if the sizes of these
two coalitions verify either s < ¢, or s =t and for some k, 1 < k < s, it holds
that 4 = j;, for all 1 <1 <k —1 and ig < Jji.

In this monograph a game (N, v) is always presented as the column vector
o of worths v(S) of all lexicographically ordered coalitions S € Q, i.e.,

7= (v(5))seq-

For example, a 3-person game (N,v) will be presented as

7= (v({1}),v({2)), 9({3}), ({1, 2}), v ({1, 3}), 0({2,3}), v({1,2,3})) "
If no confusion arises, we write v instead of #. In a sense, the set GV of all
n-person games with player set N is isomorphic to the vector space R?" !, for
always v(()) = 0. Corresponding to the standard basis for R?"~!, we introduce
the basis for the game space GV called unity games. With every coalition
S € Q, there is associated its unity game (N,eg) defined by

1, if S=T;
es(T) = (1.3.1)
0, otherwise.
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Clearly, any game (N,v) can be represented as a linear combination of the
unity games (N eg), S € €, such that

v=> v(S)-es. (1.3.2)

Seq

Shapley [75] introduced another well-known basis for the game space GV
called unanimity games. With every coalition S € (), there is associated its
unanimity game (N,ug) defined by

1, if SCT;
ug(T) = (1.3.3)
0, otherwise.

It is well-known that that any game (IN,v) can be represented as a linear
combination of the unanimity games (N, ug), S € Q, such that

v = Z AY(S) - ug,
SeN
where AY(S) is the so-called dividend with respect to the coalition S, S € Q.
The dividends A"(S), S € Q, of a game (N, v), as defined by Harsanyi [40,41],
are of the form

AY(S) =Y (=1)*'u(T), forall S€Q. (1.3.4)
TCS

Observe that the characteristic functions of unanimity games are linearly in-
dependent, i.e., the unanimity games form a basis for the game space G%.
Moreover, the unanimity games are convex.

The dual games (N,u%) of the unanimity games (N,ug), S € €, form
another basis for the game space GV. For any S € Q, the dual game (N, ug)
is given by

1, if SNT #0;
wb(T) = ' 7 (1.3.5)
0, if SNT =40.

We give the following interpretation of this game. The coalition S can be
thought of as the set of all directors. Every coalition having at least one
director will win the game with payoff 1. A coalition without any director will
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lose the game and get payoff 0. The dual of a convex game is generally known
and can easily be shown to be concave. Therefore, these dual games (N, uj),
S € ), are concave.

Recently, Driessen, Khmelnitskaya and Sales [29] studied another basis for
the game space GV called complementary unanimity games. With every coali-

tion S € €, there is associated its complementary unanimity game (N, ug)
defined by

(T = 1L, ifSNT =10 (1.3.6)
0, if SNT #0.
Obviously, as(T) = ug(N \ T) for all T € Q. For this reason, we call these
games complementary unanimity games. Since uy = 0, the game uy is out of
interest and so, it is replaced by another game 4y with reference to the empty
set, defined by

ug(T) =1, forall T € Q. (1.3.7)

Therefore, when we mention the basis of complementary unanimity games, we
refer to the collection {(N,us) | S & N}. Particularly, in the lexicographic
order of this basis, the last one is indexed by the empty set () instead of the
grand coalition N (see Remark 2.1.5).

These complementary unanimity games can be interpreted as follows. The
coalition S is considered as the set of all enemies. Any member(s) of S will
cause a payoff 0. Every coalition without enemies will win the game and get
payoff 1. Driessen et al. [29] showed that any game (N, v) can be represented
as a linear form

v=Y A"S)- s, (1.3.8)
S%N
where A”(S), S ; N, are the so-called complementary dividends of the game
(N, v), given by

Av(S) = > (1)~ 0y(T). (1.3.9)

N\TCS

Between any pair of bases of the game space GV, there is a nonsingular lin-
ear transformation operator. For more details about the relationships between
these bases mentioned above, we refer to Chapters 2 and 6.
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1.3.2 Linearity in the solution part

A well-established approach to the solution part, initiated by Shapley [75] with
the introduction of the Shapley value, is to pose a list of desirable properties
that fully characterize the solution. Let ® be a value on GV. Firstly, let us
review several essential properties treated in former axiomatizations.

e FEfficiency: Y. ®;(v) = v(N), for all games (N, v);
1EN

e Individual rationality: ®;(v) > v({i}), for all games (N, v), and alli € N;
o Additivity: ®(v + w) = ®(v) + ®(w), for all games (N,v), (N, w);

e Linearity: ®(a-v+ - -w) = a-P(v) + 5 ®(w), for all games (N,v),
(N, w), and all a, 8 € R;

o Symmetry (anonymity, equal treatment property): @, (mv) = ®;(v), for
all games (N,v), all i € N, and every permutation 7 on N. Here the
game (N, 7v) is given by (7v)(S) = v(n~1(S)) for all S € Q;

e Null player property: ®;(v) = 0, for all games (N,v) and any null player
i € N. Player i is a null player in the game (N,v) if v(S U {i}) = v(95)
for all S C N\ {i};

e Dummy player property: ®;(v) = v({i}), for all games (N,v) and any
dummy player i € N. Player i is a dummy player in the game (N, v) if
v(SU{i}) —ov(S) =v({i}) for all S C N\ {i};

o Inessential game property: ®;(v) = wv({i}), for all inessential games
(N,v) and all i € N;

e Monotonicity: ®;(v) > 0, for all monotonic games (N,v), and all i € N;

o Self-duality: ®;(v) = ®;(v*), for all games (N,v) and its dual (N, v*),
and all 1 € N;

e Desirability (marginal contribution monotonicity): ®;(v) > ®;(v), if
player i is more desirable than player j in any game (N,v). Player i is
called more desirable than player j in the game (N, v) if m? (v) > mJS (v),
j.e., v(SU{i}) > v(SU{j}), forall S C N\ {3, j};
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o Substitution property: ®;(v) = ®;(v), for substitutes i and j in any game
(N,v). Players i and j are called substitutes if both of them are more
desirable, or equivalently, the equality for their marginal contributions

mf (v) = m$ (v), i.e., v(SU{i}) = v(SU{j})), for all S € N \ {3, j};

e Covariance (strategic equivalence): ®(av+ () = a®(v)+ (3, for all games
(N,v), and all & € (0,00), B € RY. Here the game (N, av + ) is given
by (aw + B)(S) = av(S) + 3 Bj, for all S € Q.

JjeSs

e Continuity: if for every convergent sequence of games {(N,v;)}32, say
the limit of which is the game (N,v), the corresponding sequence of
values {®(vy)}72, converges to the value ®(v).

For a value we remark that additivity can obviously be deduced from linearity,
and they are equivalent for continuous values. Most of the solution concepts
studied in this monograph are continuous. The dummy player property implies
the null player property for a null player to be a dummy player with v({i}) = 0,
and implies the inessential game property for each player to be a dummy player
in an inessential game. Symmetry implies the substitution property and, also,
the desirability implies the substitution property. Linearity together with the
inessential game property imply covariance. And monotonicity together with
the dummy player property imply the desirability by choosing player j as a
dummy player.

Stimulated by the fact that the game space GV spans a vector space,
linear values on GV were well-studied and became the most important class of
solution concepts in cooperative game theory. In the following we briefly go
over several linear solution concepts involved in this monograph, of which the
Shapley value is the most important representative.

The Shapley value

The Shapley value is the most well-known single-valued solution concept (see
The Shapley value: Essays in honor of Lloyd S. Shapley [71]), which was
introduced and characterized by Shapley [75] with the aid of four properties.
Without going into details, we recall the following formula for the Shapley
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value Sh(v) of a game (N, v):

Shi(v) =Y (s = Di(n = s)! [U(S) — (S )\ {i})], forallie N.  (1.3.10)

|
n:
S3i

For all i € N, we have ) M = 1. Thus, (1.3.10) deals with a prob-
531
ability distribution over the collection of coalitions containing player 7. Note

that this distribution arises from the belief that the coalition, to which player
1 belongs, is equally likely to be of any size s, 1 < s < n, and that all such
coalitions of size t are equally likely. If, for each S € Q with S 5 7, the coef-
(s—1)!(n—s)!
le=itn=sp

and the marginal contribution v(S) —v(S'\ {¢}) is paid to ¢ for its membership

ficient is seen as the probability that ¢ belongs to the coalition S
of S, then the Shapley value Sh;(v) for player i, as given above, is simply
the expected payoff to player i in the game (N, v). For that very reason, We-
ber [99] called the Shapley value a probabilistic value. The Shapley value of
the square function game of Example 1.2.3 is calculated in the following and
turns out to be proportional to the nonnegative real numbers (d;);en.

Example 1.3.1 (Square function game). For any player i € N, we have

sha(w) = 2 B 6y (s )]

n!
S34
—23_1 )[d2+2d > dj
n!
e jeS\{i}
o (s =Dl (n —s)! (s — 1)l (n —s)!
=d) — +2d; . > d
S3i S3i jeS\{¢}

=d?+24; Y d; Z (s = 1)t ”_s)

JEN(i} 53

:d?-i—?di Z d; - (3_1)'(n_5)!(n—2)

| s—2
n:
JEN\[i}  s=2

=d;+2d; Y Ej—diZdj. O

JEN\{i} JEN

The Shapley value possesses all of these properties listed except for indi-
vidual rationality. However, the Shapley value of a superadditive game is an



Introduction 17

imputation, which may fall outside the core of the game. The Shapley value is
also a striking example of the power of the axiomatic approach [13,31,33,37,75].
The eldest axiomatization of the Shapley value is stated by Shapley himself
as follows.

Theorem 1.3.1 (Shapley [75]). The Shapley value is the unique value on
GN satisfying efficiency, symmetry, linearity, and dummy player property.

For any unanimity game (N, ug), S € €, the Shapley value satisfies Sh;(ug)
=0 for all i € S by the dummy player property and next, Sh;(ug) = % for all
1 € S by efficiency and symmetry. This technique together with linearity, were
the tools used by Shapley to complete the above axiomatization. In Chapters
2 and 3, we will pay attention to other axiomatizations of the Shapley value.

Various researchers presented a number of solution concepts in cooperative
game theory, which are variations of the Shapley value, such as the Banzhaf
value [8,55], semivalues [32], the least square values [73], the weighted Shapley
values [1,49,66] and the weighted Banzhaf values [67], the Weber set [99], etc.

The family of semivalues

The concept of semivalue SE(v) of a game (N, v) was introduced by Dubey,
Neyman, and Weber [32], and is of the form

SEi(v) =Y p" [v(S) — (S \ {i})], for all i € N, (1.3.11)

S3i

where p" = (p)"_, is a collection of nonnegative real numbers satisfying the
normalization condition

n

Yo (=1 (1.3.12)

s=1

That is, p” is a probability distribution over coalitions containing player 4,
which assigns the same probability to coalitions of the same size. Thus, a
semivalue allocates to each player the expected marginal contribution accord-
ing to the probability distribution p". Clearly, for

(s — D)l(n —s)!
n!

n

by =

3 821727"'777"
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we get a particular semivalue, precisely the Shapley value. The Banzhaf value
[8] is one of semivalues with

1

pgzﬁa 821727"'7""

It is a uniform probability distribution. The utopia vector p(v) of (1.2.3) is
also a semivalue with p! =1 and p? =0forall s =1,2,--- ;n—1. It is easy to
check that the normalization condition is satisfied in all of these three cases,
and it is obvious that there are many more semivalues. Dubey, Neyman, and
Weber [32] proved that

Theorem 1.3.2 (Dubey et al. [32]). Any value ® on GV possesses linearity,
symmetry, monotonicity and inessential game property if and only if ® is a
semivalue.

The family of semivalues possesses all of these properties listed except for
efficiency, individual rationality and self-duality. In fact the Shapley value
is the unique efficient semivalue, and this is a crucial requirement if one is
looking for a solution that can be accepted by all the players. This motivated
Ruiz et al. [73] to consider the additive efficient normalization for semivalues
(see Chapter 5).

The family of least square values

For the prenucleolus of a game, since the sum of all the excesses is constant
over the pre-imputation set, decreasing the highest excess entails increasing
the other excesses altogether. But perhaps this may cause decreasing even
further the excess of some coalitions. In order to avoid this problem and
looking for an allocation in which all the excesses are similar, according to an
egalitarian philosophy, Ruiz, Valenciano, and Zarzuelo [72] defined the least
square prenucleolus. Instead of minimizing it according to the lexicographic
order, this solution tries to select the efficient payoff vector for which the
resulting excesses are closest to the average excess under the least square
criterion. Formally, the least square prenucleolus, denoted by LSv*, is the
solution of the following optimization problem for any game (N, v):

Problem 1: Minimize Z [e(S,z) — é(v,m)]2 s.t. Zx, = v(N),
Seq 1EN
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where é(v, ) = 5 e(S, z) is the average excess at z.

SeN
The formula of the least square prenucleolus LSv*(v) is

« 1 _ 0(N) 1 .
LSvi(v) = —+2n 1 [SZC;V(H—S) U(S)—Sza;is v(S’)], for all i € N.
i S#0

The least square prenucleolus satisfies efficiency, linearity (additivity), sym-
metry (substitution property), inessential game property, self-duality, and co-
variance. Ruiz et al. [72] introduced the property of a value ® on GV, called
average marginal contribution monotonicity, as follows.

e Average marginal contribution monotonicity: ®;(v) > ®;(v) for all games
(N, v), and for any pair of players i and j with

Yo miw) 2 Y mi).

SCN\{i.j} SCN\{i.j}

Obviously, average marginal contribution monotonicity implies marginal con-
tribution monotonicity (desirability). The least square prenucleolus is charac-
terized by the following four axioms.

Theorem 1.3.3 (Ruiz et al. [72]). The least square prenucleolus is the
unique value on GN which satisfies linearity, efficiency, the inessential game
property and average marginal contribution monotonicity.

Ruiz, Valenciano, and Zarzuelo [73] extended this value to the family of
least square values by considering the same optimization problem with the as-
sumption allowing different weights for different coalitions. Let m"™ = (m?)"_,
be a collection of nonnegative coalitional weights only indexed by the size of

coalitions. The optimal solution of the following optimization problem

Problem 2: Minimize Z my [e(S,z) — é(v,a:)]2 s.t. Z x; = v(N)
Sen 1EN

is called the least square value with respect to the collection m™. Actually,
the weight of the grand coalition m; is irrelevant for the optimal solution,
because for any efficient payoff vector z it is e(IN,z) = 0. Therefore, there is
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a corresponding least square value for any weight collection. We denote the
least square value for a game (N,v) by LS™(v) and it is given by

my_ v(N) 1 e B n ,
LS (v) = - +no [ SXC;V(n s)ymy-v(S) SZ‘; sm ’U(S)], for all i € N,
EEY S#0

(1.3.13)

where o0 = (Z:f)mg We call the set of these values the family of least
s=
square values. This family of values is characterized by five axioms inclusive

of another type of monotonicity, named coalitional monotonicity.

e Coalitional monotonicity: a value ® on GV is coalitionally monotonic if
for any pair of games (N, v), (N, w) such that v(S) > w(S) for some S €
Q, and v(T) = w(T) for all T € Q,T # S, it holds that ®;(v) > ®;(w)
for all € S.

Theorem 1.3.4 (Ruiz et al. [73]). A value ® on GV possesses linearity,
efficiency, symmetry, inessential game property and coalitional monotonicity
if and only if ® belongs to the least square family.

So, the least square family is a subset of the class of linear, symmetric and
efficient values. Driessen [30] presented an Equivalence Theorem with four
equivalent statements for the class of linear, symmetric and efficient values.
From the theorem, the formula (1.3.13) of a least square value LS™ can be
rewritten as

LSMv) =) 57 1):1(!” —)! [b?-v(S) —b (S )\ {i})], for all i € N.
So1

(1.3.14)

n—1
S
square value is the Shapley value of a corresponding B-scaled game (N, Bv),

i.e., LS™(v) = Sh(Bv). The B-scaled game (see [30]) is defined by (Bv)(S) =
b7 - v(S) for all S € Q. This work will be reviewed in Chapters 4 and 5.

The Shapley value satisfies all five properties in the above characterization

where b7 = s( )mTQ, s=1,2,--- ,n—1and b = 1. More precisely, any least

system, so it belongs to the family of least square values. The collection of
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weights with reference to the Shapley value is given by

my = (8_1():1(71;)?_1)!, 1<s<n-—1.

In comparison to the coalitional monotonicity of the family of least square
values, Young [103] defined another type of monotonicity named strong mono-
tonicity, for characterizing the Shapley value. By this property, Young pre-
sented another axiomatization of the Shapley value without linearity.

e Strong monotonicity: a value ® on GV is strongly monotonic if for any
pair of games (N,v), (N, w) and i € N such that m?(v) > m? (w) for all
S € Q, it holds that ®;(v) > ®;(w).

Theorem 1.3.5 (Young [103]). The Shapley value is the unique value on
GN which satisfies efficiency, symmetry, and strong monotonicity.

Generally speaking, Young’s axiomatization of the Shapley value is not valid
anymore on some subclass of games, such as simple games. Khmelnitskaya [50]
showed that Young’s axiomatization is still valid for the Shapley value defined
on the class of nonnegative constant-sum games with nonzero worth of the
grand coalition and on the entire class of constant-sum games as well.

The Weber set

We denote by IIV the set of all permutations 7 : N — N on the player set
N. Given a permutation m € II"V assigning a rank number (i) to player i, we
denote by 7’ the set of all predecessors, that is all players with rank numbers
smaller than or equal to the rank number of 7 in =, i.e.,

m ={j € N|n(j) < =(i)}.

Obviously, i € 7*. Then the marginal contribution vector m™(v) € RY of a
game (N, v) with respect to a permutation 7w € IIV is given by

m?(v) = v(r") —o(x'\ {i}), forallie N. (1.3.15)

That is, player i receives its marginal contribution to the worth of the coalition
consisting of all its predecessors in m. Let {r, | 7 € II"V} be a probability
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distribution with 7, > 0 for all # € IV and > rx = 1. A random order
TellN
value " € RN of a game (N, v) is defined by

ol (v) = Z ramy (v), for all i€ N.

melN

So, a random order value is a convex combination of the marginal contribution

vectors, i.e., ¢ (v) = > rrm™(v). Every random order values possesses
rellN
efficiency, linearity (additivity), inessential game property, monotonicity and

covariance. Furthermore, it is characterized by four properties among them
as follows.

Theorem 1.3.6 (Weber [99]). A value ® on GV satisfies linearity, effi-
ciency, the null player property and monotonicity if and only if ® is a random
order value.

In particular, we remark that the Shapley value Sh(v) equals the average
of the marginal contribution vectors over all permutations, i.e.,

Shi(v) = % Z m; (v), for alli € N. (1.3.16)
rellNv

In view of this formula, a second probabilistic interpretation of the Shapley
value is given as follows. The formation of the grand coalition N is seen as a
sequential process in such a way that the players enter one by one and that
the order in which the players are to join is determined by chance, with all n!
orderings on N being equally likely. If player 7 is paid his marginal contribution
m[ (v) for joining his predecessors with respect to a certain ordering on N, the
expected payoff to player 7 in the game (N,v) is given by (1.3.16).

The Weber mapping, introduced by Weber [99], is the solution mapping
that assigns to each game (N, v) the Weber set W (v) of payoff vectors, given

by the convex hull of all marginal contribution vectors, i.e.,
W (v) = Conv{m™ (v) | = € IIV}.

Therefore, the Weber set is the collection of all random order values. Contrary
to the core, the Weber set is always nonempty. It contains the core as a subset,
as shown in the work of Weber [99]. A short proof, based on the Separation
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Theorem, can be found in the work of Derks [15]. The core and the Weber set
coincide if and only if the game is convex (see Shapley [76] and Ichiishi [48]).

From the review of linearity in both modelling and solution parts, cooper-
ative games as well as linear values can be represented algebraically by vectors
and matrices respectively. Properties of cooperative games and linear values
can be studied in terms of these vectors and matrices. The algebraic represen-
tation and the matrix analysis to cooperative game theory come forward as
natural and powerful. Some initial ideas related to the algebraic approach ap-
peared in the literature (see Weber [99], Dragan [20]). Grabisch [36] presented
the way to use matrices instead of operators to study a set of linear nonsingular
functions to cooperative game theory. Kleinberg and Weiss [52] constructed a
direct-sum decomposition of the null space of the Shapley value into invariant
subspaces by using the representation theory of symmetric groups, and de-
rived a characterization of a very general type of values, of which the Shapley
value is one particular example. Recently, Hernandez-Lamoneda, Juarez and
Sanchez-Sanchez advertised a natural representation theory in [43], by com-
puting a direct sum decomposition for the game space GV under the action
of the symmetric group S,,. Following this scheme, all linear, symmetric solu-
tions may be written as a sum of trivial maps, and well known results as well
as new theorems and characterizations of certain classes of linear symmetric
solutions are derived. However, the algebraic representation and the matrix
analysis have not been used systematically. It is still a neglected technique in
cooperative game theory.

1.4 Overview

In this section we give an overview of our contributions to the study of coopera-
tive games. This monograph is devoted to the matrix approach to cooperative
game theory. It concentrates on linear transformations and linear values on
the game space, particularly the Shapley value and its variations.

Chapters 2 to 5 deal with the class of linear, symmetric and efficient values,
of which the Shapley value is the most important representative. Chapter 2
provides the foundation of this monograph. We present some general termi-
nologies and notations for the topics of the monograph. Linear operators (e.g.,
game transformations and linear values) on the game space are represented
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algebraically in terminology of coalitional matrices. The Moebius transfor-
mation matrix associated with the basis of unanimity games, the dual matrix
associated with the dual operator as well as the basis of dual unanimity games,
the complementary Moebius transformation matrix associated with the basis
of complementary unanimity games, and the Shapley standard matrix associ-
ated with the Shapley value are especially described.

In Chapters 3 and 4, we study the consistency with respect to different
types of associated games for the class of linear, symmetric and efficient val-
ues, i.e., the value keeps invariant when adapting any game into another game
called associated game. Several types of games are introduced on the game
space, which are linear transformations of an original game with special struc-
ture. Each value of class is characterized by three axioms: the B-inessential
game property, continuity, and the B-associated consistency (respectively, the
B-dual similar associated consistency). Particularly, the Shapley value is char-
acterized by the inessential game property, continuity, and associated consis-
tency (respectively, dual similar associated consistency). As a by-product we
use neither linearity nor the efficiency axiom. By analyzing the null space
of the Shapley standard matrix, the inverse problems are discussed for the
Shapley value and generalized linear, symmetric and efficient values. Con-
cerning the matrix approach to these axiomatizations, we use three tables to
summarize the results.

Chapter 5 is dedicated to the consistency with respect to several types of
reduced games for the class of linear, symmetric and efficient values i.e., the
value keeps invariant when adapting any game into another game called re-
duced game. Most of the contributions are related to B-consistency and linear
consistency. The additive efficient normalization of semivalues, are studied as
significant representatives of this class.

For a game, its dividend vector is exactly the Moebius transformation of
the worth vector. Chapter 6 presents a matrix approach, by the Moebius trans-
formation and the complementary Moebius transformation, to the Harsanyi
set and the Weber set with reference to the dividends and the complementary
dividends. The Harsanyi set is defined by the collection of dividend sharing
systems, modelled as matrices, which distributes, for any coalition, its divi-
dend among its members. The Moebius transformation translates any divi-
dend sharing matrix into another type of sharing matrix, which is associated
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with the worth vector instead of the dividend vector. The structure of these
matrices reflects the properties of linearity, efficiency, the null player property,
and positivity, which are used to characterize Harsanyi payoff vectors (Derks,
Haller, and Peters [16]). By the inverse of the Moebius transformation of
all marginal vectors, which are the extreme points of the Weber set, we de-
velop a shorter and intuitive characterizing procedure for the Weber set by
the Harsanyi payoff vectors. From the interrelationship between the dividends
and the complementary dividends, the Harsanyi set and the Weber set are
also discussed in terms of the complementary Moebius transformation. The
extreme points of the Harsanyi set and the Weber set are also described in
terms of the carrier of an extreme point of a linear system.
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[4] Xu, G., T.S.H. Driessen and H. Sun, (2008), Matriz analysis for asso-
ciated consistency in cooperative game theory, Linear Algebra and its
Applications 428, pp. 1571-1586. (Chapters 3 and 4)
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Chapter 2

Matrix analysis for the
Shapley value

In this chapter, we aim to introduce and develop the algebraic representa-
tion and the matrix approach in the framework of cooperative game theory.
The notion of a coalitional matrix is defined and a linear transformation on
the game space will be identified with a corresponding square-coalitional ma-
trix. The four bases for the game space: unity games, unanimity games, dual
unanimity games and complementary unanimity games, are interrelated by
three square-coalitional matrices, which are associated with three types of lin-
ear operators: dual operator, Moebius operator and complementary Moebius
operator. Furthermore, for any linear value, the payoff vector of any game
is represented algebraically by the product of a column-coalitional represen-
tation matrix and the worth vector. Hence, the analysis of the structure of
these representation matrices covers the study of the class of linear values. We
achieve a matrix approach for the classic axiomatization of the Shapley value.
And some properties are described for the Shapley standard matrix, which is
the representation matrix of the Shapley value. Matrix analysis turns out to
be a new and powerful technique for research in the field of cooperative game
theory.

27
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2.1 The coalitional matrix

We define a new type of matrix in order to apply algebraic representation
theory and matrix theory to cooperative game theory.

Definition 2.1.1. A matriz M is called row (respectively, column)-coalitional
if its rows (respectively, columns) are indexed by all lexicographically ordered
coalitions S € Q. M s called square-coalitional if it is both row-coalitional
and column-coalitional.

For any game (N,v), the column vector v = (v(S5))seq of worths can
be seen as a special row-coalitional matrix (vector). Similarly, we denote
the dividend system and the complementary dividend system by the column
vectors AV = (A“(S))SGQ and AY = (A”(S))SGQ
indexed by all lexicographically ordered coalitions S € Q. So, AY and AY are

respectively, which are

also special row-coalitional matrices (vectors).

As mentioned in Subsection 1.3.1, for the reason that the game space
GV is isomorphic to the vector space R2"~!, linear transformation opera-
tors are widely used in cooperative game theory (see Grabisch, Marichal,
and Roubens [35], and a survey by Grabish [36]). In view of (1.3.4) and
(1.3.9), the dividend vectors A” and AV are exactly linear transformations on
the worth vector v, i.e., the Moebius transformation and the complementary
Moebius transformation. Another well-known example is the linear transfor-
mation of any original game (N,v) into its dual game (N, v*). We recite and
represent these three linear transformation operators by the corresponding
square-coalitional matrices, which are well studied in this monograph.

Definition 2.1.2. Given any game (N,v), its dividend vector A" of (1.3.4)
is represented by the Moebius transformation matriz M* as

AV = M2 v, (2.1.1)

where M2 = [MA] 18 square-coalitional defined by

S,T€Q
A _ (=D T CS;
[M ]S:T N { 0, otherwise. (2.1.2)

Definition 2.1.3. Given any game (N,v), its dual game (N,v*) of (1.2.1) is
represented by the dual matriz Q) as

v =Q v, (2.1.3)
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where ) = [Q]STEQ 18 square-coalitional defined by

-1, ifT=N\S and S # N;

Q] st=3 b if T'= N; (2.1.4)
0, otherwise.

Definition 2.1.4. Given any game (N,v), its complementary dividend vector
AV of (1.3.9) is represented by the complementary Moebius transformation
matriz M> as

AV = M2 .y, (2.1.5)
where M2 = [MA]SCN Tea 18 square-coalitional defined by
Zz'
Ay _ [ (=1l i NA\T CS;
[M ]S,T - { 0, otherwise. (2.1.6)

Remark 2.1.5. The complementary set of N is (), which is out of the collec-
tion Q0 of coalitions. In this framework, the lexicographically ordered coalitions
are adapted such that the last one is always indexed by the empty set () in-
stead of the grand coalition N. The last row of the complementary Moebius
transformation matriz M> is given by

[MA]Q)’T =0, foralTeQT+# N, whereas [MA]Q’N =1. (2.1.7)

The following propositions are directly derived from the above definitions.
Denote by 1o € R?"~! the column vector with all entries equal to one, and by

I the identity matrix.

Proposition 2.1.6. For the Moebius transformation matriz M>, each column
sum equals 0 except for the unitary sum of the last column indexed by the grand
coalition N, i.e.,

1g- M =(0,0,---,0,1).

Proof. For any column indexed by coalition T' € Q, we derive from (2.1.2)
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and the Binomial Theorem that

S OIMA =Y (1) =" (=1) (1)

Sen SoT s=t
n—t
— Z(_l)k(n;t) — (1 o 1)n—t
k=0

1, ift=mn,ie,T =N,

0, otherwise.

That is to say, 1o, - M> = (0,0,---,0,1). O

Proposition 2.1.7. The dual matriz Q satisfies Q> = I. That is to say, for
every game (N,v), the dual game (N, (v*)*) of its dual game (N,v*) is the
initial game (N, v).

Proof by the matrix approach. Fix any column indexed by T € Q. For a
coalition S € Q, S # N, we have

[Q%]s,r = Z [Qs,r[QIrT

ReQ
= [Qls,m\s[@Ims,r + [QlsN[QINT = Qs + [QINT
1, ifT=S5;

0, otherwise.

Moreover,

Qv = Y [QIn.rlQlrr = [QInN(QlNr = [Qln.r
ReQ
1, if T =N;

0, otherwise.
So Q% = I, and for any game (N,v), (v*)* =Q -v* =Q-Q-v =v. O

Clearly, if we carry out a nonsingular linear transformation on any basis
for a vector space, then another basis is derived. In this way, we can get some
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appropriate bases for the game space GV. There are four different bases for
GV introduced in Subsection 1.3.1. In the following, the interrelationships
between these four bases are presented with reference to the corresponding

linear transformations.

Theorem 2.1.8. The bases for the game space GV satisfy the following:

1. The basis of dual unanimity games {(N,u¥) | S € Q} is the dual trans-
formation of the basis of unanimity games {(N,ug) | S € Q}, i.e.,

ug = Q-ug, forall S € Q.

2. The basis of unity games {(N,eg) | S € Q} is the Moebius transforma-
tion of the basis of unanimity games {(N,ug) | S € Q}, i.e.,

65=MA-US, for all S € Q.

3. The basis of unity games {(N,es) | S € Q} is the complementary
Moebius transformation of the basis of complementary unanimity games
{<N7’aS> | S ; N}’ Le.,

eN:MA-E@, and GSZMA-ﬁs, foralngN,S;ﬁ@.

Proof. 1. It is derived directly from Definition 2.1.3.
2. For any unanimity game ug, S € Q, and any T € Q, by (2.1.2), we have

(M2 ug)(T) = Y [MP)rrus(R) = Y (1) "us(R)

ReQ RCT
=S ) =)
. t—s
= ()" D) = (-
k=0

1, ift=s,ie,T=3S5

0, otherwise

=eg(T).
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Therefore, eg = M2 - ug, for all § € Q.
3. For any complementary unanimity game g, S g N, by (2.1.6), we have

(M2 - as](N) = Y [M2]y gas(R) = [M2]y yas(N) = as(N)
ReQ

) L =en(N), ifS=0;
0, = eg(N), otherwise.

If S =0, then @y(R) = 1 for all R € Q and so, for any coalition T € Q,T # N,

(M2 ) (T) = Y (Mg ug(R) = > (-1)F ")

ReQ N\RCT
— Z (_1)t—(n—7’) — Z (_1)t—(n—7’) (r—(fz—t))
N\TCR r=n—t
t
=) (D) =a-1t=0
k=0
=en(T)

If S # (), for any coalition T' € Q,T # N, we have

(M2 as)(T) = Y. [MA)rpas(R) = Y (1) ag(R)

ReQ N\RCT

— Z (_1)t—(n—r): Z (_1)t—(n—7’)
N\TCR N\TCR
RNS=0 RCN\S
n—s t—s

= Z (_1)t—(n—r) (r—t(;s—t)) = kzo(_l)k(t;s)
r=n—t =

1, ift=s,ie.,T=S8
=(1-1)t*=
0, otherwise

=eg(T).

So, ey = M2 - Gy, and eg = M> - ag, for all SG N, S # 0. O



Matrix analysis for the Shapley value 33

2.2 Matrix approach to linear values

In this section we represent algebraically linear values in terminology of coali-
tional matrices. Next we apply matrix analysis to investigate characterizations
of the class of linear values. First of all, by linear algebra we know that any
linear value on game space can be represented uniquely by a corresponding
column-coalitional matrix.

Theorem 2.2.1 (Linear algebra result [54]). For any value ® on GV, it
is linear if and only if there exists a unique column-coalitional matriz M® =

[Mq)]ieNTeQ such that ®(v) = M® - v, for all games (N,v).

For the determination of the matrix M®, recall, by (1.3.2), that any game

(N,v) can be represented as v = Y v(S) - eg. By the linearity of ®, we have
Seq

Dv) = v(S) - Dles) = M® -,
SeEN

where the entries of the column-coalitional matrix M® are given by [M ‘b] 5=
®D;(eg), for all1 € N, S € Q.

Therefore, for any linear value, the payoff vector of any game is represented
algebraically by the product of a column-coalitional matrix and the worth
vector. We call this associated matrix the representation matriz of the linear
value. In order to study the linear value, we may analyze the structure of
this representation matrix. We start with linear values which possess some
other essential properties listed in Section 1.3.2. Denote by 1y € RY the
n-dimensional column vector with all entries equal to one.

Proposition 2.2.2. Let ® be a linear value on G. Then & is efficient if and
only if each column sum of the representation matriz M® equals 0 except for
the unitary sum of the last column indezed by N, i.e.,

1y-M®=(0,0,---,0,1).

Proof. Let ® be a linear value on GV and M?® be its representation matrix.
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For any game (N,v) and any player i € N, by Theorem 2.2.1, it follows that

D Biw) =D Y [M*iso(S) =D Y [M®)isu(S)

iEN iEN SeQ SeQieN
= Z v(S) Z[Mq)]i,s +v(N) Z[Mq)]i,N-
sen iEN iEN

Note that the game (N,v) is arbitrary and so, the worths v(S), S € , can
be chosen arbitrarily. Thus, ® is efficient, i.e., Y, ®;(v) = v(N) for all games
1EN

(N, v), if and only if

Y Mg =0, forall S€Q,S# N, and Y [M®];y =1.
€N €N

That is, 15 - M® = (0,0,---,0,1). O
Proposition 2.2.3. Let & be a linear value on GN. Then ® possesses the

null player property if and only if the representation matriz M® satisfies the
condition

[M®)i.s = —[M®); s\(iy, foralli € N, and all S € Q,5 34,8 # {i}.
Proof. Let ® be a linear value on GV and M® be its representation matrix.
"«": Suppose that M?® satisfies
[M®);,s = —[M®); s\(iy, foralli € N, andall S €Q,8 31,5 # {i}.

For any game (N,v), by Theorem 2.2.1, we have

Di(v) = Y _[M¥i50(S) =D [Misv(S)+ > [M];50(S)

Se S31 SFi

S#0
= [M®)i50(S) + M) gyo{i}) + D M s\ qiyo(S\ {i})
s 4
= Y [M*is[v(S) = v(S\ {i})] + [MT); 3o ({i}).
s

For any null player 7 in the game (N, v), it holds that v({i}) = 0 as well as
v(S) =ov(S\{i}) forall S € Q, S>1i,5 # {i}. Hence, ®;(v) =0, and so, ¢
satisfies the null player property.
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"=": Foranyi € N,any S € Q,S5 31, S # {i}, consider the game (N, vg;)
given by
vg;(S) = vs,(S\ {i}) =1, and for any other coalition T' € Q, vg, (T') = 0.
By Theorem 2.2.1, we obtain that
Di(vs,) = > _[M®)i gvs,(R) = [M®];,s + [M*]; s\ (3}
ReQ

Obviously, 4 is a null player in the game (N, vg,;). By the null player property,
(I)i('USi) =0. Therefore, [Mq)]iyg = —[Mq)]i,s\{i}. |

Consider a weight system m = (mi,g)feesﬂ such that
> mig=1, foralli€N.
S31
Weber introduced in [99] a value ® on GV as follows:
D;(v) = Zmiﬂg [v(S)—v(S\{i})], for all games (N,v), and all i € N.
531
It is called a Weber value by Derks [18]. And Weber’s characterization [99] of
the class of Weber values is derived directly from Proposition 2.2.3.
Corollary 2.2.4 (Weber [99]). A value ® on GV possesses linearity and the
dummy player property if and only if it is a Weber value.

Proof by the matrix approach. It is easy to check that every Weber value
satisfies linearity and the dummy player property.

Let ® be a linear value on GV possessing the dummy player property and
M?® be its representation matrix. Since for the value ®, the dummy player
property implies the null player property. By Proposition 2.2.3, for all i € N,
we have [M®]; ¢ = —[M‘b]i,s\{i} for all S € Q, S 34,5 # {i}. So, for any
game (N,v), since v(f)) = 0, we conclude that

Di(v) = Y _[M*i50(8) =D [M®];sv(S) + > [M?];50(S)

Seq 53¢ 531
S50
= Z [M®)i 50(S) + [M®]; yv({i}) + Z [M®]; s\ iy (S \ {i})
A1) Sh0)

=3 (M5 [0(S) — o(S\ {i})]

S3i
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Let (N,v) be a game with the dummy player 7. Then v(S) — v(S\ {i}) =

v({i}), for all S € Q,S > i. By the dummy player property, it holds that

®;(v) = v({i}). So S [M?®]; s = 1. Therefore, ® is the Weber value with the
S21

weights m; g = [M‘I)]i,g, forall S e, S>i. O
Proposition 2.2.5. Let ® be a linear value on GV. Then ® is symmetric if

and only if the representation matriz M® satisfies, for all players i,j € N,
and all coalitions S, T € Q with equal sizes s = t,

(M®);.5 = [M®);r, wheni€ S,j €T ori¢ S,j¢T. (2.2.1)

Proof. Let ® be a linear value on G~ and M® be its representation matrix.

"«<": Let m € IIY be a permutation on N. Then for any i € N and any
T € Q, n(i) € m(T) if and only if i € T, as well as 7 (i) & 7(T) if and only if
i ¢ T. So by (2.2.1), we have

[M ]7rz ),m(T) — [M(b]i,T-

Therefore, for all 7 € N,

= [M®]5(),5(70)(S)
Sen
= Z [M ]y, (70) (S) + Z [M*]i),5(0) (S)
Sa7(i) s32(0)
= Z [M*]y,s0(n 1 (S)) + Z [M*],),50(n 1 (S))
m—1(S)24 L CIED
7= 1(5)20
:Z[M(b]w +Z[M¢7r 7y (T)
1> ;%
= IM*Liro(T) + Y [M®); ro(T
T>i 13
= q)l(’l))

The symmetry property for ® holds.

"=". Suppose that ® satisfies the symmetry property. For any players
1,j € N,i # j, since any permutation can be represented by a composition
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of interchanges, firstly, we consider the interchange permutation m;; which
permutes only i to j and j to 7. So for all R C N\ {3,;},

() (RU{j}) = o(RU{i}), (mjo)(RU{i})) = v(RU {j}); (2.2.2)
and  (mjv)(R) = v(R), (my0)(RU {i,j}) = o(RU {3, j}). (2.2.3)

For any game (N,v), we have

‘1)7”1(1) (mijv) = Z [Mq)]ﬂ'ij (i),S(ﬂ'iﬂ) Z [Mq)]m] (4),S s(migv)(
597(1](1) 53”1](1)
S#0
= Z s(mizv)(S) + Z[Mq)]j,S(ﬂ'ijU)(S), (2.2.4)
S35 SFj
S#0
Di(v) = [M*i50(8) + Y _[M®]; 50(S5) (2.2.5)
531 526

Taking (2.2.5)—(2.2.4), by (2.2.2), (2.2.3), we have

Pi(v) = Pry; (5) (i5v)

=Y [M*is50(S) + > [M®Lisv(S) + Y [M*]isv(S)+ > [M®isv(S)

S34 S3i SFi SFi,SFj
%) 555 $3i 20
— Y IM®)js(migo)(S) = Y [M®];5(mijv)(S)
S3j S3j
SFi S3i
— > IM®)s(migo)(S) = D [M®)js(mij0)(S)
57) $3,5%i
S3i S#0
= Y IM*LrogrRULGHD + Y M) pu (R U {5}
RCN\{i,j} RCN\{i,j}
+ > IM*rug(RUGH + Y [M*)iro(R)
RCN\{i ]} RENV(id)
P ..
- Z 1, rugiy (miv) (RU{5}) — Z [M 7]}, rugi iy (mijv) (RU{4, 5 })
RCN\{i,j} RCN\{i,j}
- Z [M gRU{z}(WZJU (RU{i}) Z [M J,R 71'1]”( )
RCN\{:,j} RCN\{i,j}

R#D
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= > (IM%rogsy — M0y ) v(RU (i)
RCN\{i,j}
+ 3 (IM™rogis — M)y ) v(RU i, )
RCN\{i,j}
+ ) ([Mq)]i,RU{j} - [M(I)]j,RU{i}>U(R u{s}
RCN\{i,j}
+ > ([M(I)]i,R_[M@]ij)U(R)-

RCN\{i,j}
R#D

By symmetry property, ®;(v) — Do) (mijv) = 0. Note that the game
(N, v) is arbitrary and so, the worths v(S), S € €2, can be chosen arbitrarily.
Therefore, for all R C N \ {i,5}, we have

[M®); rogiy = [M®); oy, [IM®)iroiy = IM %R0ty (2.2.6)
and [Mq)]i,RU{z’,j} = [Mq)]j,RU{i,j}a [M®); = [M®)jr, (R#0). (2.2.7)

For any S,T € Q with equal sizes s = t, we have |S\ T| = |T"\ S|. Consider
the case that i € S,j € T. If S = T, then by (2.2.6), we know that [M?®]; s =
[M®); 1. Otherwise, let S\ T = {i1,i2, - ,ir}, T\ S = {1,752, ,Jjr}, and
i1 = 1, jp = j. Let permutation 7 be the composition of interchanges m;, j,,
Tisja>* " > Tigjp- By (2.2.6) and (2.2.7), we have

[M®iys = [M®) sopin i) = - = M1 80010, g i iz sin}

That is, [M®]; s = [M®];r. Particularly, if 4 = 7, then by another player
k € N\ {i} and a coalition R € Q, R 3 k such that r = s = ¢, we know that
[M®); s = [M®)kr = [M®);7. Similarly, if i € S,5 ¢ T, we can prove that
[M®)i,s = [M®];r. -

From this, for a linear, symmetric value ®, of which the representation
matrix is M®, each entry [M®]; s of M?® is only related to the size s of the
coalition S and the membership or nonmembership between the player ¢ and
the coalition S. Therefore, we denote the entry [M®]; s as m® for i € S,
otherwise as mf_, for all S € Q.
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Corollary 2.2.6. Any linear and symmetric value ® on GN can be expressed
as

D,(v) = mev(S)—i—Z mf_v(S), for all games (N,v), and all i € N.
e SFi
S#0
Furthermore, we have the following theorem.

Theorem 2.2.7. Let ® be a linear, symmetric value on GN. Then ® is
efficient if and only if the representation matriz M® satisfies

1
m® =7 m®, forall1<s<mn, and m® = —. (2.2.8)
n—s n
Proof. Let ® be a linear, symmetric value on G with the representation
matrix M®. By Corollary 2.2.6, for any game (N, v), we have

Zq)z('l)) = Z Z[M‘I}]i’s’v(S) = Z (Z[Mq)]l,s)’l)(S)

€N 1EN SeQ SeQ ieN

=3 [Emt > md (s
Seq ies i¢S
= Z [sm;I> + (n— s)mf_]v(S).
SeN
Together with efficiency, we have Y. [sm® + (n — s)m®_]v(S) = v(N). Note

il
Seq
that the game (N,v) is arbitrary and so, the worths v(S), S € Q, can be

chosen arbitrarily. Thus, sm® + (n — s)mg’_ =0, forall S € Q, S #N, and
nm® =1 for § = N. That is,
P S

me. = — m‘f, forall 1 < s < mn, andmfz—. U
n—s n

By this theorem and Corollary 2.2.6, we can get the formula given by Ruiz
et al. [73] for the class of linear, symmetric and efficient values.

Corollary 2.2.8 (Ruiz et al. [73]). A value ® on GV possesses linearity,
symmetry and efficiency if and only if there exists m®,s = 1,2,--- ,n — 1,
such that for any game (N,v),

o if = N;
d(v) =M®*-v, where [M®);s=1< m?, ifi €S, S # N,
—amy, ifi ¢S,
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i.e.,

N
D,(v) = v(V) + E m2v(S) — E 5 m2v(S), for alli € N.
n = Sin—s
5’_:31‘ S#0

2.3 The Shapley standard matrix

In this section, we continue the matrix procedure as started in Section 2.2.
We characterize the representation matrix of the Shapley value named Shapley
standard matrix, by using the classic axioms: linearity, efficiency, symmetry
and the null player property. Moreover, some other properties of the Shapley
standard matrix are described.

Theorem 2.3.1. Let M® = [Mq)]z‘eN seq be the representation matriz of a

linear value ® on GV possessing symmetry, efficiency and the dummy player
property (i.e., the Shapley value). Then

(s—1)Y(n—s)! fic S
Mq> ; e n! 4 Zfl e ’
[ ]115 { _s!(n:ﬁ—l)!’ 2f’L ¢ S.

(2.3.1)
Proof. Let ® be a linear value on GV possessing symmetry, efficiency, the
dummy player property and M?® be its representation matrix. For any player
i € N, we consider a game (N, v) as follows. For all S € Q,S # i, the worths
v(S) and v({i}) are chosen arbitrarily, then let v(S U {i}) = v(S) + v({i}), to
ensure that 7 is a dummy player in (N, v). By Corollary 2.2.6, we have

D, (v) = mev(S) + Z m2_v(S)

e SFi
S#0
= 3w (S )+ mPo((i)) + 3 mE(s)
Sho Sho
= Smtae(®) + S mbavlih (i) + T o-o(s
570 570 S#0
= ; [m2 4 +m® u(S) + ; mev({i}) +mTu({i}).

S#£0 S0
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By the dummy player property, ®;(v) = v({i}). Note that the worths v(S5),
S € Q,S5 ¥ i can be arbitrary values. Particularly, consider the unanimity
games (N, ug), for all S € 9,5 Zi. We conclude that

mf+1+m?_ =0, foralls=1,2,---,n—1.
By (2.2.8) in Theorem 2.2.7, we have my = 1 as well as

S

me, =-m¥ = — sm;‘?, forall s =1,2,--- ,n—1. (2.3.2)
We obtain me, m‘f_ foralls =n—1,n—2,---,1 recursively as follows.
m;{) _ (s—l);l('n—s)!’ . o (s—l)T!L('n—s)!7 ifi € S:
s'(77:—s—1)' b€y [M ]i,S - s'(n—.s—l)'
mf_ = - -, ifi¢S.
What is more,
n—1 1
oi(v) = > myyv{i}) + mio({i}) = v({i}) Y (" )me + —o({i})
n—1 1 1
= o({i) 3+ —ol{ih) = v({i}). 0
s=1

We denote by M5" the representation matrix of the Shapley value on GV,
and we call it the Shapley standard matriz (Xu, Driessen and Sun [101]). We
restate the Shapley value in terminology of the Shapley standard matrix as
follows.

Definition 2.3.2. Given any game (N,v), the Shapley value Sh(v) is repre-
sented by the Shapley standard matriz MS" as:

Sh(v) = M .y,

where the Shapley standard matriz M5" = [M5h] is given by (2.3.1).

iEN,SEQ

The columns of the Shapley standard matrix M5" possess the following
anti-complementarity property.
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Proposition 2.3.3. Let [MSh]T be the column of M°" indexed by coalition
T € Q. Then it holds that [MSh]S = —[MSh] for all S € Q, S # N.

Consequently, [MSh]S = [MSh]N.
SeEN

N\S’

Proof. For any coalition S € Q,5 # N, it is sufficient to show that

[M*1]; g+ (]

i, iN\S = 0, forallie N.

Without loss of generality, suppose that ¢ € S. By the definition of the Shapley
standard matrix M*", we conclude that

[MSh]i,S + [MSh]i,N\S _ (s — 1):1('71 —s)! . (n — 3)7!1('3 —1)! —0. 0

The anti-complementarity property of the Shapley standard matrix implies
an alternative formula for the Shapley value, due to Driessen [24].

Corollary 2.3.4 (Driessen [24]). The Shapley value Sh(v) of a game (N, v)
is of the following form:
s—1)l(n —s)! ,
Shi(v) =;%[U(S)—U(N\S)], for alli € N.
i

Proof by the matrix approach. For any game (N, v), since v(§)) = 0, for
all 4 € N, by Proposition 2.3.3, we have

Shi(v) = Y [M*"]is0(8) =Y M s0(S) + > [M]; s0(S)

5€0 §3i 20

_ %[MSh]i,gv(S) + Z (M5, o (N \ T)

— Sz;[MSh]i,sv(S) — TE::[MS}L]LTU(N \T)

"2 (M5, 50(8) - 5], 50(N \ 8) )

_ g[MSh]i,s [v(S) — v(N \ )]
:ZW[U(S)—U(N\S)]. O

S3i
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The self-duality of the Shapley value can be translated into matrix inter-
pretation as follows.

Proposition 2.3.5. The Shapley standard matriz MS" satisfies M°"Q =
M5, That is to say, the Shapley value satisfies the self-duality property in
that the Shapley values of the initial game and its dual game are equal.

Proof by the matrix approach. It is sufficient to check the column equal-
ities [M ShQ]T = [M Sh] o for all coalitions T € Q. Due to the algebraic
representation of a column of a matrix product, it holds that

[M5Q),. = Z [Q]s,r[M g

SeN

By (2.1.4) and Proposition 2.3.3, we obtain the following. If ' # N, then

(M5 Q] = (@I M i = =M w7 = M7

If T'= N, then

[MShQ]N = Z [Q]S,N[MSh]S = Z [MSh]s = [MSh]N'

Sen SeN
That is to say, for a game (N,v) and its dual game (N, v*), we have
Sh(v*) = M" . v* = M5" . Qv = M5" . v = Sh(v). O
To conclude with, we show that the Shapley standard matrix is full row
rank.

Proposition 2.3.6. The rank of the Shapley standard matriz MS" with re-
spect to the game space GV satisfies rank(M>") = n.

Proof. Obviously, rank(M*") < n because of n rows. Consider the columns
of M*" indexed by single player coalitions and the grand coalition:

1 —_1 . 1 1

n n(n—1) n(n—1) n

1 1 1 1

MSh — " n(n—1) n " n(n-1) n
1 1 1 1

n(n—1) n(n—1) n n
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Adding the multiplication of last column by ﬁ to all of columns indexed by
single player coalitions, we get

1 1
1 0 0 n
1 1

0 n—1 n
1 1

0 0 e 1 -

Because of there are n linear independent columns, rank(M*°") > n. There-
fore, rank(M*°") = n. d

Without proof, we emphasize that for every permutation 7 € IIV, the
set of columns [MSh]ﬂ({l}), [MSh]ﬂ({l,z}), e ,[MSh]W(N) of MS" are maximal
linearly independent.
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Two types of associated
consistency for the Shapley
value

The aim of this chapter is to develop the matrix approach for the Shapley
value. Two types of associated consistency are analyzed for characterizing the
Shapley value.

In view of Hamiache’s associated game is a linear operator on the game
space. The corresponding square-coalitional matrix called the associated trans-
formation matrix My is introduced and the matrix equality M°" = M5 M,
implies that the Shapley value is consistent under this linear operator. Mo-
tivated by the Shapley value is also consistent under the dual operator, to
combine the dual operator ) and the linear operator M), for the associated
game in terms of the similarity property for matrices, we introduce a new lin-
ear operator called the dual similar associated game with the transformation
matrix M /\D = QM,Q'. The diagonalization procedure of My, M /\D and the
inessential property for coalitional matrices are fundamental tools to prove the
convergence of the sequence of repeated (dual similar) associated games as well
as its limit game to be inessential. The similarity of matrices transfer associ-
ated consistency into dual similar associated consistency. The Shapley value
is axiomatized as the unique value satisfying the inessential game property,
continuity and (dual similar) associated consistency.

45
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3.1 Introduction

Hamiache’s recent axiomatization of the Shapley value states that the Shapley
value is the unique value satisfying the inessential game property, continuity
and associated consistency (see [37]). In his paper, an associated game (N, vy")
is constructed. And a sequence of games is defined, where the term of order m,
in this sequence, is the associated game of the term of order m — 1. He shows
that this sequence of games converges and that the limit game is inessential.
The value is obtained by using the inessential game property, the associated
consistency and the continuity axioms. As a by-product, neither the linearity
nor the efficiency axioms are needed. The uniqueness proof in Hamiache’s
axiomatization is rather difficult and full of combinatorial calculations.

At the second World Congress of the Game Theory Society held at Mar-
seille, France (July 2004), Hamiache suggested a matrix approach to his axiom-
atization of the Shapley value. In Hamiache’s paper [38], Hamiache introduces
a matrix formula of the associated game and studies the diagonalizability prop-
erty of the representation matrix, then presents a new (existence) proof, based
on basic linear algebra, of his axiomatization of the Shapley value. Its unique-
ness proof mainly relies on the existence of the limit game of the sequence of the
associated games, and the link of his axioms with the eldest axiomatization
of the Shapley value through efficiency, additivity, the null player property,
and equal treatment property. It motivates our research and aim to offer the
algebraic representation and the matrix approach for the axiomatization of
the Shapley value.

In this chapter, the matrix approach is adopted to develop Hamiache’s ax-
iomatization of the Shapley value. In Section 3.2, both the Shapley value and
the associated game are represented algebraically by their coalitional matrices
called the Shapley standard matrix M°" and the associated transformation
matrix M), respectively. By the diagonalization procedure of M), we derive
the convergence of the sequence of repeated associated games. The limit game
is shown to be inessential in terms of the inessential property of coalitional
matrices. In Section 3.3, the associated consistency for the Shapley value
is formulated as the matrix equality MS" = MS"M,. We achieve a matrix
approach for Hamiache’s axiomatization of the Shapley value.

Then we construct the dual similar associated game and introduce the
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dual similar associated transformation matrix M )1\7 as well in Section 3.4. In
the game-theoretic framework we show that the dual game of the dual similar
associated game is Hamiache’s associated game of the dual game. For the pur-
pose of matrix analysis, we derive the similarity relationship M )\D =QM,Q !
between the dual similar associated transformation matrix M /\D and the as-
sociated transformation matrix M), where the transformation matrix @ rep-
resents the dual operator on games. It yields the inessential property for
the limit game of the convergent sequence of repeated dual similar associated
games. In Section 3.5, we show that this similarity of matrices also transfers
associated consistency into dual similar associated consistency. Finally, we ax-
iomatize the Shapley value as the unique value satisfying the inessential game
property, continuity and dual similar associated consistency.

3.2 The associated transformation matrix

Firstly, let us recite the definition of the associated game. Given any game
(N,v) and A € R, Hamiache [37] define its associated game (N,v3") as follows:

oS(S) = 0(S) + A Y [u(SU{)}) —u(S) —v({j})], forall SeQ.
JEN\S

The associated game may be considered as an adaptation of a given game such

that it reflects an optimistic self-evaluation of worths of coalitions!.

Notice
that v{"(N) = v(N) and moreover, v3" = v for all inessential games (N, v).
We do not care about the trivial case A = 0. Obviously, the worth 'ufh(S ) of

coalition S can be expressed as

v3MS) = [L=(n—s)Av(S) + 1 D w(SU{H =X D> v({i}).

JEN\S JEN\S

'To be coherent with Hamiache’s ( [37], pages 281-282) myopic vision of the environment,
every coalition S ignores the links existing between players in N \ S. As a consequence, a
coalition S considers itself at the center of a star-like graph, which is equivalent to say that
coalition S considers players in N \ S as isolated elements. Following the additional ”divide
and rule” behavior, coalition S may believe that the appropriation of at least a part of the
surpluses v(SU{j}) —v(S)—v({j}), generated by its cooperation with each one of the isolated
players j € N\ S, is within reach. Thus coalition S may evaluate its own worth, vfh(S), as
the sum of its worth in the original game, v(S), and of a given percentage A € [0, 1], of all
the possible previous surpluses.
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Clearly, the associated game is a linear mapping on the game space GV to itself.
In order to study this linear operator by the matrix approach, as suggested by
Hamiache [38], we introduce the associated transformation matrix to represent
the associated game and the sequence of repeated associated games as follows.

Definition 3.2.1. Given any game (N,v) and X\ € R, the associated game
(N, v;\gh) is represented by the associated transformation matriz M)y as

vfh = M) - v,

where the matriz M) = [MA] 18 square-coalitional defined by

S, TeN
l—(n—s)A, fT=3S5;
SEY N Y ifT={j} and j € N\ S;
0, otherwise.

And the sequence of repeated associated games {(N,v{*S")}%_ s defined
recursively as

- A

oY 0xSh __

, forallm >1, where v V.

Now the main goal is to investigate eigenvalues and eigenvectors of the
associated transformation matrix M,. According to the concept of inessential
game, we introduce a corresponding property for the coalitional matrix.

Definition 3.2.2. A row-coalitional matriz M = [Mg]geg s called row-
inessential if its row Mg indexed by coalition S, satisfies

]\Zig = ZM“ for all S € Q.
1€S
For simplicity, M, denotes the row M{i}, for all i € N.

Proposition 3.2.3. 1 is an eigenvalue of My, the eigenvectors corresponding
to eigenvalue 1 are row-inessential, and the dimension of the eigenspace of
etgenvalue 1 1s equal to n.

Proof. Since v{"(N) = v(N), the last row of matrix I — M), is the zero-vector.
So 1 is an eigenvalue of M. Let & = (zg)scn be an eigenvector corresponding
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to eigenvalue 1. Interpret Z as a row-coalitional matrix. Since (I — My)Z = 0,
we have

(n—s)xg — Z Tgugsy + Z z; =0, forall §€.
JEN\S JEN\S

By this equation, for n —s =1 and N\ S = {j}, we have
Tn\(jy + 2 =zn, foralljeN.
By induction on n — s = |N \ S|, we obtain that

Ts + Z z; =xn, forall §el
JEN\S
For S being the case of single player coalition, it holds that zy = ) z;. So
JjeEN
we conclude that

Tg = ij, for all S € Q.
JES

From the inessential property of any eigenvector & corresponding to eigen-
value 1, it follows immediately that the dimension of the eigenspace of eigen-
value 1 is n. O

Proposition 3.2.4. For every k (2 < k < n), we have
rank[(1 — kA)T — M,] < 2" —1— (}),

and hence, 1 — kX is an eigenvalue of M.

Proof. For any k (2 <k <n), let Z = (z5)seq be a vector such that
[(1 — kXTI — My)Z = 0.

Then the following system of linear equations holds,

(n—s—k)xg — Z Tsugyy + Z z; =0, forall §€Q. (3.2.1)
JEN\S JEN\S
For the case that S = N, since kxy = 0 and k # 0, we have xy = 0. In the
n

sequel, we show that, for any k, there are ( k) identical equations in the linear
system of [(1 — kAT — M,]Z = 0.
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Ifs=n—1and S=N\{j}, by (3.2.1) we have
(1 —=k)zy\gjy — N +2; =0.
That is
TN\{j} = ﬁxj, for all j € N. (3.2.2)

We use induction on n — s such that n — s < k to show that
1
&5 =17 Z zj, forallSe€Q,S#N. (3.2.3)
JEN\S

Now suppose (3.2.3) is true for all n — s < ¢ — 1, where ¢t < k. For the case
that n —s=1t,let S= N \T. By (3.2.1), we have

(t—k)zy\r — Zx(N\T)U{i} - Z Li-

ieT jeT

By the induction hypothesis and 7 € T', we obtain

1
sy = 77 (D %5 — @i).

JET
Thus
t 1
(t =Koy = =g D_m+ =g D mi =~ )
JET 1€T JjeET
t—k
JET

So, if t < k, then (3.2.4) implies that (3.2.3) holds for s =n—t and n—s < k.

Furthermore, if we start the above calculations with the conclusion that
(3.2.3) holds for the case t = k — 1, we reach (3.2.4) being true for the case
t = k. Then (}) linear equations in [(1 — kA)I — M,]Z = 0 are identical
equations. Hence,

rank[(1 — kA)I — M) < 2" —1—(}).
Consequently, 1 — kX is an eigenvalue of M), for 2 < k < n. O

Here we recall some results in algebra theory for deriving more properties
of the associated transformation matrix M.
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Lemma 3.2.5 (Algebra results [54]). Let A be a square matriz of order p.

1. The dimension d of the solution space of the linear system of equations
AZ =0 satisfies d = p — rank(A).

2. For every eigenvalue of matriz A, its (algebraic) multiplicity is at least
the dimension of the corresponding eigenspace.

3. The sum of the multiplicities of all eigenvalues of matriz A equals its
order p.

4. The matriz A is diagonalizable if and only if the sum of the dimensions
of the distinct eigenspaces equals p, and this happens if and only if the
dimension of the eigenspace for each eigenvalue equals the multiplicity
of the eigenvalue.

Theorem 3.2.6. Figenvalues of the associated transformation matrixz M)y are
1,1—-k\ k=23, -+ ,n, and multiplicities corresponding to these eigenvalues
are (1), (}),k=2,3,--- ,n.

Proof. Let uy =1 and up, =1 — kX (2 < k < n). By Proposition 3.2.3 and
3.2.4, we know that uy (2 < k < n) are eigenvalues of M). Let dj denote the
dimension of the eigenspace corresponding to (ugl —M))T = 0. By Proposition
3.2.3, we obtain d; = n, whereas from Proposition 3.2.4 and Lemma 3.2.5 (1),
we derive that

dp, = 2" — 1 — rank(ugl — M) > (Z), k=23, ,n.

Since the multiplicity my of eigenvalue uy satisfies my > di, we have
n n n
2" 1= " mp>n+y d>(H+) () =2"-1
k=1 k=2 k=2

Thus my = dy, = (Z), for all 1 < k£ < n and matrix M) has no other eigenval-
ues. O

From Theorem 3.2.6, we conclude that the matrix M, is diagonalizable.
To prove the next theorem, we make use of the following properties of row-
coalitional matrices.

Lemma 3.2.7. Let M be a row-coalitional matriz and A be a matriz.
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. If M is row-inessential, then the row-coalitional matrix M A is row-

inessential.

. If A is invertible, then M A is row-inessential if and only if M is row-

inessential.

. For all games (N,v), if M is row-inessential, then the game (N, M - v)

18 inessential.

Proof. Write M = []\25]569, where My is the row of M indexed by a coalition
S, 5 €.

1. By Definition 3.2.2, if M is row-inessential, i.e., Mg = 3 M;, then for
€S
any S € (),
[MAlg = MsA= (3" M)A=Y"(M;A) = [MA]

1€S 1€S 1€S

Thus, M A is row-inessential.

. If A is invertible, then for all S € €,

MsA=> (M;A) = () M)A ifandonlyif Mg=> M.
1€S 1€ES 1€S
By the conclusion 1, we have M A is row-inessential if and only if M is
row-inessential.

. If M is row-inessential, then for every game (N,v), and all S € Q, we

have Mg -v = (3. M;)-v = 3 (M; - v). Therefore, M - v = [Ms - v]seq
1€S 1€S
is a inessential game. U

Now we present the following important properties of the associated trans-

formation matrix M) by its diagonalization procedure and Proposition 3.2.3.

Lemma 3.2.8. Let M) be the associated transformation matriz.

1. My = PDyP~', where P consists of eigenvectors of My corresponding

to eigenvalues 1,1 — kX (2 <k <n) and
Dy = diag(1,-+ ,1,1—2X,-- ,1 —2X\,---, 1 —n)).
N—_—— ——

(711) times (Z) times (Z) times
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2. If 0 < A< 2, then lim (My)™ = PDP~', where

D = diag(1,---,1, 0,---,0 ).
—— N——

n times 2"—1—n times

3. The row-coalitional matriz PD equals

— -

PD = [1"17{527"' 7$n707"' 76]a

and is row-inessential, where columns z%,i = 1,2,--- ,n are different
eigenvectors of My corresponding to the eigenvalue 1 and column 0 is
the zero-vector.

Using the previous results, we derive the following theorem about the con-
vergence of the sequence of repeated associated games.

Theorem 3.2.9. Let 0 < A < % The sequence of repeated associated games

{(N, v§*5h) Yoo converges to the game (N,©), where & = PDP~! - v. Pur-

thermore, the limit game (N, ¥) is inessential.
Proof. By Lemma 3.2.8 (2),

lim 7" = lim (M))™-v=PDP™ ! ..

m—00 m— o0

Due to Lemma 3.2.7 (3) and & = PDP~! . v, the game (N,d) is inessential
whenever the matrix PDP~! is row-inessential. By Lemma 3.2.8 (3), the
matrix PD is row-inessential. Together with Lemma 3.2.7 (2), it follows that
the matrix PDP~! is row-inessential too. O

Remark 3.2.10. The limit game (N, v) of the sequence of repeated associated
games merely depends on the game (N,v) as © = PDP~'v. And for any
player i € N, the limit worth v({i}) is just the inner product of the i-th row
of PDP~! and the column vector v.

3.3 Associated consistency for the Shapley value

In this section, we apply the results from the previous section to develop
a matrix approach for Hamiache’s axiomatization [37] of the Shapley value.
Firstly, we recall the axiom of associated consistency of a value ® on GV
introduced by Hamiache.
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e Associated consistency : for every game (N,v) and its associated game
(N,vy"), the value ® satisfies ®(v) = ®(v{h).

According to associated consistency, the value is invariant under the adapta-
tion of the game into the associated game. Because payoffs to players neither
increase nor decrease, an associated consistent rule neutralizes the possible
effects of optimistic self-evaluation of worths of coalitions. In matrix theory,
it turns out that the Shapley standard matrix M*" is invariant under multi-
plication with the associated transformation matrix M.

Lemma 3.3.1 (Hamiache [37]). The Shapley value verifies associated con-
sistency, that is M" = MS" M.

Proof. Since Sh(v) = MS" - v and Sh(vi") = MS"(M), - v), it suffices to
check that MS" = MSPM, for showing that the Shapley value satisfies the
associated consistency, i.e.,

MMMy — 1) = 0.

By the definition of M5" and M,, for all i € N and for all T € ©, the entry
[MSh (M, — I)]iT is given as follows:

(MM — 1))

0T
(s =)l (n—s)! slin—s—1)!
- Z ! (M) — 1] ST Z ! (M — 1] ST
S31 5%

For simplicity, we denote [MSh(M)\ —I)]iT by a,foral T € Qi € T. Ifi €T
and ¢ > 2, then
t—1)(n —1)!

n!

.S (t - 2)!(2'— Dl
JET\(i} '
(- 1);(!n—t)!(t_n))\_
. (t—2)!(7:L'—t+ 1)1
(t = 1)!(n — 1)!

:T[—(n—t)/\—l-(n—t—i-l))\—)\] = 0.

(t = 1)(n — 1)!
e M= Iy

{5}, T

(t—1)(n —t)!

n!

A

(t — 1)\
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Ifi ¢ T and t > 2, then

_ ﬁn—t])[A_nmﬁE:&:%glﬂuﬁ_ﬂﬂmI}
JeT
_ _{t!(n —nzi —1)! ] + (t — 1);L(|n - t)!w\}

R B N

If T = {i}, then

1—1)n—1)! slin—s—1)!
L >n<! ! iary - 1] . %[MA 1y
A
1—-D)i(n—-1 sln—s—1 _
1<s<n—1
=—nn1A+ Y -a=o0
1<s<n-—1
If T={j} and j # i, then
(s — D)l(n —s)!
n—1-—1)! slin—s—1)!
_{( n! ) [ AT J{J} ':CNX\{: . ( nl ) [M/\—I]S,{j}}
(s —1l(n —s)! n—2
= (=N (=
1§§Z_1 n! ( 1)
e ISPy P S L IS
1<s<n—2
1<s<n-—1 1<s<n—-2
These four cases imply that MS" = MSPM,. O

Theorem 3.3.2 (Hamiache [37]). For 0 < X < 2, the Shapley value is the

unique value satisfying the associated consistency, continuity and the inessen-
tial game property.
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Proof by the matrix approach. Obviously, the Shapley value satisfies the
inessential game property and continuity, and by Lemma 3.3.1, the Shapley
value satisfies the associated consistency.

So, let us now turn to the uniqueness proof. Consider a value @ satisfying
these three axioms. Fix the game (N,v). We show that ®(v) = Sh(v). By
both the associated consistency and continuity of @, it holds that

®(v) = ®(0), where s = PDP™' ..

Since the limit game (N, ) is shown to be inessential in Theorem 3.2.9, the
inessential game property for @ yields that ®;(0) = o({:}) for all € N. In
summary, ®(v) = (9({i}))ien. Similarly, since the Shapley value also satisfies
these three axioms, it follows that

Sh(v) = Sh(v) = (0({i}))ien-

From this, we conclude that ®(v) = Sh(v). O

Remark 3.3.3. Since Sh(v) = M. v and © = PDP™' - v, we deduce from
Sh(v) = (©({i}))ien that the Shapley standard matriz MS" is just the first
part of the row-coalitional matric PDP~! indexed by single player coalitions.
In fact, PDP~" is the extension of M°" by the row inessential property.

3.4 The dual similar associated game

Both the dual game and the associated game can be regarded as two linear
operators on the game space GV. Moveover, the associated consistency and
self-duality imply that the linear operator of the Shapley value is consistent
under these linear operators with respect to the associated game and the dual
game. Motivated by this, we intend to introduce a new type of linear operator
on game space by combining these two operators in the framework of linear
algebra.

Concerning the associated worth vy7(S), the net benefits v(S U {j}) —
v(S) —v({j}) arising from mutual cooperation among the coalition S itself
and any of each isolated non-members j € N \ S, measures the surplus of the
coalitional marginal contribution V(S,j) = v(SU{j}) — v(S) over the indi-
vidual worth V?(, 7) = v({j}). Consider a new associated game by revaluing
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the worth of coalition S based on the marginal contributions of its members.
Any member j € S contributes V?(S,j) = v(S) — (S \ {j}) to the forma-
tion of the coalition S itself, whereas its contribution to the formation of the
grand coalition N equals VY(N,j) = v(N) —v(N \ {j}). The net benefits
(v(N) —v(N\{j})) — (v(S) —v(S\ {j})) measures the gain (or loss, if it
is negative) of the overall marginal contribution V?(N, j) over the coalitional
marginal contribution V?(S, j) of the member j € S.

Given any game (N,v) and X\ € R, define its dual similar associated game
(N,vP) as follows:

03 (8) = 0(S)+A Y [(0(N)=o(N\{7})) ~ (v(9)—v(S\{5}))], for all 5 € Q.
JjeSs

Notice that v (N) = v(N) and moreover, v¥ = v for all inessential games
(N,v). Similarly, for all S € Q we can express the worth v?(S) as:

v () = (L= sA)v(S) + sho(N) = A o(N\ {7} + 1) _v(S\ {5}
Jjes JjEeS

By the matrix approach, we can define the dual similar associated game
and the sequence of repeated dual similar associated games as follows.

Definition 3.4.1. Given any game (N,v) and X € R, its dual similar associ-
ated game (N, v/l\)) 1s represented by the dual similar associated transformation
matrix MAD as

vl = MP v,

where the matriz M}\) = [M/\D] s square-coalitional defined by

S,TeN

(1—s\, ifT =S5 and S # N,
SA, if T =N and S # N;
[MD] _J A if T=8\{j},7€ S and S # N;
Alsr -\, if T=N\{j},j €S and S # N;
1, if T =8 = N,
L 0, otherwise.

The sequence of repeated dual similar associated games {(N,v7*P)y}o0_ s
defined recursively as

—1)xD
P :Mf-vg\m P for allm > 1, where o3P = .
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Recall the concept of dual game in Section 1.2.1, its matrix restatement
in Definition 2.1.3 and some properties of the dual matrix ). We can con-
clude the following similarity relationship between the dual similar associated
transformation matrix M )\D and the associated transformation matrix M), as
well as the corresponding relationship between these two types of associated
games.

Lemma 3.4.2. MAD = QM\Q, or equivalently QM)\D = M\Q. In the game-
theoretic context, the dual game of the dual similar associated game 1is the
associated game of the dual game, i.e., (N, (v2)*) = (N, (v*)3h).

Proof. For any row-coalitional matrix M, let [M]s denote the row of M
indexed by any coalition S € €.

Since [Q]N = [MA]N = [M)\D]N = (0,---,0,1), it is easy to check that
[QMAQ]N = [M)\D]N. By the definitions of @}, M) and Mf, for any coalition
Se€Q,S#N, we have

[QMQlg =Y [Ql4 [MAQ], = [MAQ] y — [MAQ]

- Z [M/\]N,T (@ - Z [M)] N\S,T [Q];
= [Q]N —{1 =53 [Q]N\S + AZG [Q](N\S)U{j} - )\Zs [Q]j}
~ ),

The latter row-vector equality has to be checked for all entries indexed by
coalitions T € €.

Since Q% = I, so QM/\D = M)Q. That is to say, for any game (N,v), it
holds that

(N, (00)") = QMY v = MyQ-v = (N, (v")5"). O

The alternative proof. For any coalition S € €, by the definitions of the
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dual game and the associated game, we have
((@)A"")7(8) = (")) = ()3 \ S)
=o' (N)={ (1= sA) " (N \ $)+AD o (N \ S) U {iH-AD_v*({i})}

JES JES
— o) — (1= 5N (4(V) — o(S))
=AY [o(N) —v(S\{GH] + A [v(N) — (N \ {5})]

JES JES
= (1= sA\)o(S) + sXo(N) =AY o(N\ {7}) + 2D o(S\ {7}
JeS jES
=07(9). O

Due to the duality property Q* = I, the above relationship can be recited
as follows.

Corollary 3.4.3. M) = QM/\DQ, or equivalently QM) = M)PQ. In the game-
theoretic context, the dual game of the associated game is the dual similar

associated game of the dual game, i.e., (N, (v{")*) = (N, (v*)D).

The next diagram illustrates the commutative relationship between the
two types of associated games in Lemma 3.4.2 and Corollary 3.4.3.

(N dual similar (N, vf\)) — (N, ((v*)fh)*)

associated game

dual| game dual game

(N, v*) associated
game

Diagram 3.4.1: The commutative relationship between
the two types of associated games

Recall the properties of the associated transformation matrix M) and the
convergence of the sequence of repeated associated games {(IV, vT*Sh)}%’:O
in Section 3.2. Similar properties of the dual similar associated transforma-
tion matrix M /\D and the sequence of repeated dual similar associated games
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{(N,v7*P)}2_ can be derived. By Theorem 3.2.9, together with the relation-
ship between the two types of associated games, we obtain the next theorem.

Theorem 3.4.4. Let 0 < A < %, then the sequence of repeated dual similar

associated games {(N,vi"*P)}%_ converges to the game (N,©), where © =

QPDP~'Q-v. Furthermore, the limit game (N,0) is inessential.

Proof. By Lemma 3.4.2 and the duality Q? = I in Proposition 2.1.7, we know

oy = (MP)™ -0 = (QMAQ)™ v = Q(My)"Q - v.

From the convergence property of the sequence {(N,v*P)}%_ in Theorem

3.2.9, it follows immediately that
lim 7P = Q lim (M)\)"Q-v=QPDP~'Q-v=1.
m—0o0

m—0o0

By Lemma 3.2.8, PD is a row-inessential coalitional matrix. Together with
Lemma 3.2.7 and the fact that P~1(Q) is invertible, we derive that PDP~1Q
is also a row-inessential coalitional matrix, that is to say (N, PDP~'Q -v) is
an inessential game. (N,QPDP~'(Q - v) is just the dual game of this game.
Hence, by the self-duality property of the inessential game, the limit game
(N, d) is inessential. O

Remark 3.4.5. Notice that the limit game (N,0) of the sequence of re-
peated dual similar associated games merely depends on the game (N,v) as
= QPDP™'Q-v. The two limit games (N, ?) and (N, o) inherit the commu-
tative relationship between the two types of associated games in Diagram 3.4.1.
And for any player i € N, the limit worth v({i}) is just the inner product of
the i-th row of QPDP~'Q and the column vector v.

3.5 Dual similar associated consistency for the Shap-
ley value

In this section, we show that the Shapley value satisfies a new type consistency
with respect to the dual similar associated game named dual similar associated
consistency. Replacing the associated consistency in Hamiache’s axiom system
by the dual similar associated consistency, we axiomatize the Shapley value as
the unique value satisfying the inessential game property, continuity and the
dual similar associated consistency.
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e (Dual similar associated consistency): a value ® on GV is called dual
similar associated consistent, if for every game (N, v) and its dual similar
associated game (N,v?), the value ® satisfies ®(v) = ®(v?).

The axiom of dual similar associated consistency means that any player
receives the same payments in the original game and in the dual similar associ-
ated game. In matrix theory, the standard matrix M*°" for the Shapley value is
invariant under multiplication with the dual similar associated transformation
matrix M )\D .

Lemma 3.5.1. The Shapley value is consistent with respect to the dual similar

associated game, that is MSh = MShM)’?.

Proof. Since Sh(v) = My and Sh(v?) = MS"(MP - v), it is sufficient to
check the matrix equality MS" M /\D = M*°". By Lemma 3.4.2 and Proposition
2.3.5, we know M)\D = QM\Q and M°" = MS"Q. Together with Lemma
3.3.1, it follows that

MMMP = M"QMAQ = M®"M\Q = M"Q = M5". O

Theorem 3.5.2. The Shapley value is the unique value satisfying the inessen-
tial game property, continuity and the dual similar associated consistency for
0<A< 2

Proof. Obviously, the Shapley value satisfies the inessential game property
and continuity, and by Lemma 3.5.1 we know that the Shapley value verifies
the dual similar associated consistency.

We concentrate only on the unicity proof. Consider a value ® satisfying
three listed properties. For any game (N,v), by both the dual similar asso-
ciated consistency and continuity, it holds that ®(v) = ®(9), where © is the
limit game of the sequence of repeated dual similar associated games with
0< A< % By Lemma 3.2.9, (N,9) is an inessential game. The inessential
game property for @ yields that ®;(N,v) = v({¢}) for all i € N. In summary,
(N, v) = (6({i}))ien-

From the proof of Theorem 3.3.2, we have Sh(v) = Sh(®), i.e., MSh =
MShPDP~!. Together with Proposition 2.3.5, M 5" = MShQ. Tt follows that

M = MS"PDP! = M®'Q=M*"PDP'Q

— M" = M"QPDP7Q.
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That is Sh(v) = Sh(?). Since the game (N, 9) is inessential, we conclude that
Sh(v) = Sh(®) = (6({i}))ien. Hence, ®(v) = Sh(v). O

Remark 3.5.3. According to the proof of Lemma 3.5.1, the dual similar as-
sociated consistency for the Shapley value has been derived from Hamiache’s
associated consistency. We conclude this chapter with the proof of the con-
verse statement. From the duality of the Shapley value and similarity between
two types of associated consistency, we obtain that our dual similar associated
consistency M°" = MShM)\D yields Hamiache’s associated consistency for the
Shapley value as:

MSh M, = MSPMQMPQ = MSPMPQ = MShQ = MSh.
So, the two types of associated consistency are equivalent for the Shapley value.

We prefer the matrix approach to these axiomatizations of the Shapley
value in terms of the two types of associated consistency, although most of the
results can be restated in game-theoretic text. Most of all, for axiomatizing
the Shapley value, the procedure of diagonalization of the coalitional matrices
My, M )\D is very helpful to show and interpret the most important but difficult
part of the convergence property of the sequences of repeated (dual similar)
associated games. Moreover, the inessential property of the limit matrices
PDP~' QPDP~'(Q implies the structure of the limit games. In summary,
this chapter illustrates that the diagonalization procedure and the similarity
property for matrices can be applied successfully to cooperative game theory.



Chapter 4

Two types of B-associated
consistency for linear,
symmetric and efficient values

In this chapter, we extend to the class of linear, symmetric, and efficient values
what we did for the Shapley value in Chapter 3. At first, two types of games
are introduced, the B-scaled game and the B-associated game. They are both
linear transformations with special structures. For each value in this enlarged
class, one explicit interrelationship to the Shapley value is restated as a ma-
trix equality involving the B-scaling matrix. Correspondingly, each value in
this class is characterized by three axioms: the B-inessential game property,
continuity, and the B-associated consistency. In view of this axiomatization,
these axioms imply traditional properties like linearity, efficiency and sym-
metry. By the B-scaling procedure on the dual similar associated game, the
B-dual similar associated game as well as the B-dual similar associated consis-
tency are introduced and studied for characterizing this class of values. By the
concept of B-scaled game, the inverse problem of any linear, symmetric and
efficient value is studied in terms of the inverse problem of the Shapley value,
which is solved by analyzing the Shapley standard matrix and the associated
transformation matrix.

63
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4.1 B-scaled game and B-associated game

In [30], Driessen extended Hamiache’s axiomatization of the Shapley value
to the enlarged class of linear, symmetric, and efficient values, of which the
Shapley value is the most important representative. The family of least square
values [73] as well as the solidarity value [65] are members of this class. For each
value in this enlarged class, one explicit interrelationship to the Shapley value
is exploited in order to present a uniform approach to obtain axiomatizations
of such values with reference to a slightly adapted inessential game property,
continuity, and a similar associated consistency. Following the former matrix
analysis on Hamiache’s axiomatization of the Shapley value, a similar algebraic
approach is applicable to study Driessen’s work.

Throughout this monograph, denote by B = {b7 ‘ n>2s=12---,n},
a collection of non-zero scaling constants with 6 = 1 for all n > 2. For any
game (N, v), Driessen [30] defined its B-scaled game (N, Bv) as

(Bv)(S) =0b} -v(S), forall S €. (4.1.1)

This B-scaling of a game concerns a check of credibility of the characteristic
function by an independent arbiter. The task of the arbiter is to perform a
scaling procedure by taking into account the sizes n and s of both the player
set N and the coalition S (but not the members of the coalition themselves).
That is, for every coalition S € €, its initial worth v(S) will be scaled down
or up to b -v(S) by some scaling number 7. For example, if b7 = %, then the
scaling procedure involves averaging the worth of any coalition, different from
the grand coalition N. In real situations, the reader may ask for the scaling
constants b7 being positive, whereas in game-theoretic research it can be any
real number. For future purposes, we do not consider the case that b7 to be
zero. By convention, b)) = 1 for the sake of efficiency invariance expressed by
the invariant worth of the grand coalition.

We can rewrite the B-scaled version of a game in terms of the B-scaling
matrix B as follows.

Definition 4.1.1. For any game (N, v) and any collection of scaling constants
B, the B-scaling game (N, Bv) is given by

Bv=DB-wv,
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where the diagonal square-coalitional matrix B = dz’ag(b?sl)geg is called B-
scaling matriz.

Incorporating this scaling procedure, the B-associated game (N,v%) is
meant to represent the optimistic self-evaluation of worths of coalitions, math-
ematically expressed as the associated game of the scaled version of the initial
game.

Given any game (N,v), any collection B and A € R, Driessen defined its
B-associated game (N,v%) in [30] as follows:

(B)(S) = (Bv)(S)+ X Y [(Bv)(SU{j}) — (Bv)(S) — (Bo)({i})],

JEN\S
ie, v5(S)=v(S)+A > [b;)—:lv(SU{j})—v(S)—%v({j})], for all S € Q.
JEN\S % $
That is,
AB" n
(8 = 11— (= (S) + L 3 w(SULN -8 3 ulis)).
S jeN\S 5 jEN\S

Proposition 4.1.2. For any game (N,v), any collection B and X € R, it holds
that (N, B(vR)) = (N, (Bv){"). That is to say, the B-scaled game (N, B(v%))
of the B-associated game (N,v) is the associated game (N, (Bv)3") of the
B-scaled game (N, Bv).

Analogously to the matrix approach for the associated game, we restate
the B-associated game as follows.

Definition 4.1.3. For any game (N,v), any collection B and X\ € R, the
B-associated game (N, vf) is given by

vszf-v,

where the matriz MP is square-coalitional given by [MP)sr = %*;[M,\]&T for
all S, T € Q. And the sequence of repeated B-associated games {(N, UT*B)},OnO:O
18 defined recursively as

0«3

UT*B = M)l\g . vg\m_l)*g, for allm > 1, where vy =wv.
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We write M) instead of M f if it concerns the unitary constants b7 = 1
for all 1 < s <mn, and then (N, v§) agrees with the associated game (N, vy").
Next we show that the B-associated transformation matrix M f inherits certain
properties from the associated transformation matrix M.

Proposition 4.1.4. Let M) and M)lf be the associated transformation matrix
and the B-associated transformation matriz, respectively.

1. MP = B~'M,B, where B = diag(brﬂ)SeQ.

2. Mf and M)y have the same eigenvalues and the same (algebraic) multi-
plicities of eigenvalues. And i is an eigenvector of Mf if and only if By
is an eigenvector of M.

3. If0 <A< 2, then lim (MP)™ = B~! lim (M\)™B =B~ 'PDP!B.

m—0o0 m—0o0

Proof. 1. Since B is a diagonal matrix such that b7 # 0 for all 1 < s < n, its
inverse B! = diag(b%) seq is also a diagonal matrix. For any S,T € 2, we
[S]

have

[B~'M)Blsr = Y _[B '] rRIMABlrr = [B™']s,s[MABlsr

ReQ
1 1
= Z[MA]S,R[B]R,T = b_n[M)\]S,T[B]T,T
5 ReQ s
by

= b—n[MA]S,T = [MS]s,r-
S

Thus, the similarity property M )Lf = B~'M, B holds.

2. By the latter similarity property, it is known that M f and M) have
the same eigenvalues and the same multiplicities of eigenvalues. Let ¥ be an
eigenvector of M f corresponding to eigenvalue p. Then

M= pij < (B™'M\B)j = pij <= Mx(By) = B(pij) = p(BY).

Clearly, 1 is an eigenvalue of M) and BYy is a corresponding eigenvector of
M.

3. It is derived immediately from conclusion 1 and Lemma 3.2.7. O

Concerning any linear, symmetric and efficient value on GV, Ruiz et al.
([73], Lemma 9, page 117) characterized its value payoff vector ®(v) for every
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game (N, v) to be of the following form

Bi(v) = U(TJLV) + Y %'U(S)_Z P?S

-v(S), forallie N, (4.1.2)

SCN SFi ne
7
$5i S0
for a certain sequence of real numbers p?, s =1,2,--- ,n — 1 (as presented in

Corollary 2.2.8). Two equivalent formulae were presented by Driessen ( [30],
Equivalence Theorem 1.4). Note that the Shapley value is widely studied
because of its many interesting properties and axiomatic characterizations as
well. For our future purposes, we interpret Ruiz’ formula as the Shapley value
of an appropriately chosen B-scaled game as follows. Its algebraic formulation
is stated in the subsequent corollary.

Theorem 4.1.5 (Driessen [30]). A value ® on GV satisfies linearity, sym-
metry and efficiency if and only if there exists a collection of constants B such
that, for all games (N,v), the value ®(v) = Sh(Bv).

Corollary 4.1.6. A value ® on GV satisfies linearity, symmetry and efficiency
if and only if there exists a B-scaling matriz B = diag(bﬁgﬂSeQ such that, for

all games (N,v), the value ®(v) = M*>"Bu.

Recalling the alternative formula of the Shapley value in Corollary 2.3.4,
we obtain directly the following alternative formula of linear, symmetric and
efficient values.

Corollary 4.1.7. A value ® on GV satisfies linearity, symmetry and efficiency
if and only if there exists a sequence of real numbers b7, s =1,2,--- ,n—1
such that, for all games (N,v), alli € N,

@) = W0 3 BZ RNy g) b v 9)).

n!
53i
SEN

We should mention that an equivalent formula has been obtained by La-
moneda, Garcia and Sanchez [43] by using representation theory and another
proof can be found in their paper [44].

In the setting of these results and formulae, the constants p and b7, s =
1,2,--- ,n — 1 are arbitrary real numbers. In fact, for the B-scaling version
of a game, these scaling constants in B = {b? ‘ n>2s=12"---,n} can be
chosen as any real number. We prefer non-zero constants for the B-associated

game to be well-defined.
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4.2 B-associated consistency

In this section, we aim to characterize each linear, symmetric and efficient
value in terms of an adaption of associated consistency. It is based on the
representation for such values by the matrix approach in terms of the Shapley
value. We introduce the B-associated consistency for a value on GV, which
generalizes the consistency with respect to the associated game.

e B-associated consistency: a value ® on GV possesses B-associated con-
sistency with respect to the B-associated game if ®(vf) = ®(v) for all
games (N, v) and all A € R.

According to the next theorem, the B-associated game is chosen in such
a way as to guarantee that the corresponding linear, symmetric and efficient
value ® satisfies the B-associated consistency.

Theorem 4.2.1 (Driessen [30]). For a given collection of constants B, let
® be the linear, symmetric and efficient value on GN with the representation
matriz M® = MS"B. Then ® satisfies the B-associated consistency.

Proof by the matrix approach. In view of Corollary 4.1.6, we show that
M5B . o8 = M5h"B . v for all games (N,v), and all A € R.

Since vf = M)l\3 - v, it is sufficient to check MShBMf3 = MS"B. From Propo-
sition 4.1.4 (1) and Lemma 3.3.1, we conclude that

M"BME = MS"BB~'M,\B = M*"M\B = M°"B. O

Definition 4.2.2 (Driessen [30]). 4 value ® on GV verifies the B-inessential
game property with respect to a given collection of constants B if the value
satisfies ®;(v) = b} - v({i}), for all B-inessential games (N,v), and all i € N.
Here the game (N,v) is called B-inessential if the B-scaled game (N, Bv) is
inessential.

Similar to the result in Theorem 3.2.9 about the convergence of the se-
quence of repeated associated games, the next theorem states the convergence
of the sequence of repeated B-associated games.
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Theorem 4.2.3. Let 0 < A < % The sequence of repeated B-associated games
{(N,v§BY}>_ o converges to the game (N, ), where 5 = B~'PDP~'B - v.
Furthermore, the limit game (N, ) is B-inessential.

m*B

Proof. By Proposition 4.1.4 (3), the sequence of games {(N,v{"*®)}°°_ con-
verges to
7= lim (M®)".v=B'PDP'B ..
m—0o0
So, Bo = B9 = PDP~'B-v. By Lemma 3.2.8 (3), the matrix PD is row-
inessential, and it follows from Lemma 3.2.7 (2) that the matrix PDP~!B is

row-inessential too. Hence, by Lemma 3.2.7 (3), the game (N, Bo) is inessen-
tial, i.e., the limit game (N, v) is B-inessential. O

Remark 4.2.4. The limit game (N, 0) of the sequence of repeated B-associated
games merely depends on the game (N,v) as © = B"'PDP~'B -v. The two
limit games (N,v) and (N, v) inherit the commutative relationship in Propo-
sition 4.1.2.

So far, we have presented three properties of a value on the game space G,
which are the B-inessential game property, continuity, and the B-associated
consistency. In the following we show that any linear, symmetric and efficient
value possesses these three properties.

Lemma 4.2.5 (Driessen [30]). For a given collection of constants B and any
game (N, v), the corresponding linear, symmetric and efficient value ®(v) =
Sh(Bv) = M°"B - v satisfies the B-inessential game property, continuity, and
the B-associated consistency.

Proof by the matrix approach. By Theorem 4.2.1, the value ® satisfies
the B-associated consistency. If the B-scaled game (N, Bv) is inessential, then

®,;(v) = Shi(Bv) = (Bv)({i}) = b} -v({:}), forallie N.

So @ verifies the B-inessential game property. Let us consider any convergent
sequence of games {(IV, v) } 72, say the limit of which is the game (N, 7). The
corresponding sequence of values {®(vy,)}$°, is the sequence { M "B v, }2° .
It converges to ®(v) of the limit game (N, ). This shows the continuity of
the value ®. ]
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We present an alternative, algebraic proof for Driessen’s axiomatization of
any linear, symmetric and efficient value.

Theorem 4.2.6 (Driessen [30]). For a given collection of constants B, there
exists a unique value ® on GV satisfying the B-inessential game property,
continuity, and the B-associated consistency with 0 < A < %, and the value ®
is the linear, symmetric, and efficient value induced by B, i.e., ®(v) = Sh(Bv)
for all games (N, v).

Proof by the matrix approach. By Lemma 4.2.5, we only concentrate on
the uniqueness proof. Consider a value @ satisfying the B-inessential game
property, continuity, and the B-associated consistency with 0 < A < % For
any game (N,v), we show that ®(v) = Sh(Bv). By both the B-associated
consistency and continuity, it holds that

®(v) = ®(v), where 5 =B 'PDP !B ..

By Theorem 4.2.3, the limit game (N, v) is B-inessential. So, the B-inessential
game property for ® yields that ®;(v) = b} - 0({s}) for all i € N. In summary,

®(v) =07 - (0({i}))ien-

By the proof of Theorem 3.3.2, it holds that MS" = MS"PDP~!. We
conclude that

MS"B .y = M°"PDP'B.v= M*"BB'PDP'B.-v=M""B ..

That is, Sh(Bv) = Sh(Bv). Since the game (N, Bv) is inessential and the
Shapley value possess the inessential game property, it follows that

Sh(Bv) = Sh(Bv) = b - (v({i}))ien-

Hence, ®(v) = Sh(Bv). d

4.3 B-dual similar associated consistency

Following the technique to construct linear operators on the game space, we
present a new associated game by considering both B-scaling and dual operator
for studying the class of linear, symmetric and efficient values.
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As we showed in Proposition 4.1.2, the B-scaled game of the B-associated
game is the associated game of the B-scaled game or, in matrix representation

MP = B~'M,B.

Replacing the associated game by the dual-associated game or the associated
transformation matrix M) by the dual similar associated transformation ma-
trix M /\D , we introduce the B-dual similar associated transformation matrix
M )?D and the corresponding B-dual similar associated game as follows.

Definition 4.3.1. For any collection B and A € R, the B-dual similar asso-
ciated transformation matriz MED is defined by

MfD = B_lM/\DB, or equivalently, MED =B 'QM,\QB,

where B and Q are the B-scaling matriz and the dual matriz, respectively.

For any game (N,v), the B-dual similar associated game (N, va) is de-
fined by

D _ pBD .y

The sequence of repeated B-dual similar associated games {(N, 'um*BD VI s
defined recursively as

UT*BD M ( )*BD, for allm > 1, where v?\*BD = .

In the characteristic function form, the B-dual similar associated game
(N, v8P) of any game (N,v) and all A € R is given by, for all S € Q,

W52 (8) = v(8) A Y { [ o() -

JES §

n—Ly N\ {5))] - [0(S) —

(s\(ih] ).

Its worth v§P(9) differs from the initial worth v(S) by taking into account
the weighted fractions of net benefits for all members of S, as described by the
right hand of the above formula. Notice that v§P(N) = v(N), which implies
that the efficiency is inherited from the original game. For all S € Q, we can
express the worth v{7(S) as
V1
P (S) = (1=sA)u(S)+ g aM(N) =LA oM )+ A S oS\

jes bs jes
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From this formula we derive that the entries of the square-coalitional matrix

Mf V= [Mf D] sTen AT as follows.
rl—s)\, if T =S and S # N;
b%_ o . .
[MPP] g = 2%;/\7 if T=8\{j},j€SandS#N;
ST —Zle)\, ifT=N\{j},j€ S and S #N;
L, T =8=N;
. 0, otherwise.

The following proposition is derived directly from Definition 4.3.1 and
Proposition 4.1.4.

Proposition 4.3.2. If0 < A < %, then

lim (MPP)™ = B~'Q lim (M)\)"QB = B"'QPDP'QB.
m—r0o0 m—r00
This implies the convergence of the sequence of repeated B-dual similar
associated games, which is similar to the sequence of repeated B-associated
games in Theorem 4.2.3.

Theorem 4.3.3. Let 0 < A < % The sequence of repeated B-dual similar

associated games {(N, UT*BD)}%}:O converges to the game (N,v), where i =

B7'QPDP~'QB -v. Furthermore, the limit game (N,?) is B-inessential.

Proof. It is derived directly from Proposition 4.3.2 that the sequence of games
{{N,v§BDYYeo - converges to

o= lim (MEP)".v =B 'QPDP'QB - v.
m—o0
So, B = B-ii = QPDP~'QB-v. By Lemma 3.2.8 (3), the matrix PD is row-
inessential, and it follows from Lemma 3.2.7 (2) that the matrix PDP~'QB
is row-inessential too. That is to say that (N, PDP~'QB-v) is an inessential
game. By the self-duality property of the inessential game, (N, QPDP~'QB -
v) is inessential, i.e., the game (N, Bt) is inessential. Hence, the limit game
(N, v) is B-inessential. O
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With respect to the B-dual similar associated game, we define a new type
of associated consistency, named B-dual similar associated consistency, as fol-
lows.

o B-dual similar associated consistency: a value ® on GV possesses B-
dual similar associated consistency with respect to the B-dual similar
associated game if ®(v{P) = ®(v), for all games (N, v) and all X € R.

The next theorem shows that a B-associated game can be chosen for guaran-
teeing that the corresponding linear, symmetric and efficient value ® verifies
B-dual similar associated consistency.

Theorem 4.3.4. For a given collection of constants B, let ® be the linear,
symmetric and efficient value on GN with the representation matriz M® =
MS"B. Then ® satisfies the B-dual similar associated consistency.

Proof. In view of Corollary 4.1.6, it is sufficient to show that MS"B . fufD =
M*5"B v, for all games (N, v) and all A € R. By Definition 4.3.1, Proposition
2.3.5 and Lemma 3.3.1, we conclude that

MS"BMEDP = MS"B . BT'QM\QB = M*"QM\QB
= M°"M,\QB = M°"QB = M°"B. O

Replacing the B-associated consistency of Driessen’s axiomatization, we
characterize any linear, symmetric and efficient value in terms of the B-dual
associated consistency, together with the B-inessential game property and con-
tinuity.

Theorem 4.3.5. For a given collection of constants B, there exists a unique
value ® on GV satisfying the B-inessential game property, continuity, and the
B-dual similar associated consistency with 0 < A < %, and the value @ is the
linear, symmetric, and efficient value induced by B, i.e., ®(v) = Sh(Bv) for
all games (N, v).

Proof. Let ® be a linear, symmetric, and efficient value with the represen-
tation matrix M® = MS"B. By Theorem 4.3.4, ® verifies the B-dual similar
associated consistency. Similar to the proof of Lemma 4.2.5, we can show that
® is continuous and satisfies the B-inessential game property.
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Let us turn to the unicity proof now. Consider a value ® having these
three properties with 0 < X\ < % For any game (N,v) € GV, by both the
B-dual similar associated consistency and continuity, we have

®(v) = ®(9), where i = B"'QPDP'QB - v.

By Theorem 4.3.3, the limit game (N, %) is B-inessential. We conclude that
@(v) = b7 - (5({i}))ien-

The proof of Theorem 3.5.2 yields that M" = MShQPDP~1Q. Tt follows
that

M"B.v = M*h"QPDP~'QB-v = M*"BB~'QPDP 'QB-v = M°"B-%.

That is to say, Sh(Bv) = Sh(Bv). Since the game (N, B9) is inessential and
the Shapley value satisfies the inessential game property, we conclude that

Sh(Bv) = Sh(B&) = b} - (5({i})ien-

Hence, ®(v) = Sh(Bv). O

Remark 4.3.6. Similar to Remark 3.5.3, for a given collection of constants B,
we remark that the B-associated consistency and the B-dual similar associated
consistency are equivalent for the linear, symmetric and efficient value induced

by B.

4.4 The inverse problem

The equivalence for non-transferable utility (NTU) games has been studied in
the work of Aumann and Kurz [4], Aumann, Kurz and Neyman [5]. In each
of these papers, strikingly different games were found to have the same value.
Formally, for a value ® on GV, two games (N, v), (N, w) are called equivalent if
®(v) = ®(w). Any linear value ® on GV can be viewed as a linear operator ®
on the vector space R?"~!. The following problem is often considered. Given
any vector b € R, find the set of games (N, v) such that ®(v) = b. We call it
the inverse problem of the value ®. The null space Ng of @ is defined as the
subspace of these games v € R2"~! such that ®(v) = 0. Clearly, the inverse
problem of a linear value ® is to solve the null space Ng. To demonstrate the
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equivalence of two games v,w € R?"~!, we need to show that the difference
game v — w is in the null space N of the linear value ®. On the other hand,
every game can be decomposed in a unique manner as the sum of its value
game (a game with the same value) and an game of Ng. We thus see that,
quite apart from what one might think, inessential games, as one type of value
games, play a significant role in the characterization of the Shapley value.

Using the representation theory of symmetric groups, Kleinberg and Weiss
[52] constructed a direct-sum decomposition of the null space of the Shapley
value into invariant subspaces. Then they used the same theory to derive a
characterization of a very general type of value, of which the Shapley value
is one particular example. The inverse problem of the Shapley value was also
studied by Dragan [20]. He presented a potential basis for the null space and an
explicit representation of all games with an apriori given Shapley value. The
same potential approach was used to analyze the null space of the Banzhaf
value (Dragan [22]), as well the family of semivalues (Dragan [23]).

In terms of the Shapley standard matrix M*", recall the matrix represen-
tation Sh(v) = MS" . v for all v € R?"~!. Therefore, the null space N, of
the Shapley value agrees with the null space of the matrix M°", i.e.,

Ngp = Null(M5h) = {2 e R~ | M5hz = 0}.

For a matrix A, the dimension of its null space is denoted by dimNull(A). The
well-known Rank Theorem in algebra theory is as follows.

Theorem 4.4.1 (The Rank Theorem [54]). If A is an n X m matriz, then

rank(A) + dimNull(A) = m.

Inspired by the associated consistency, the inverse problem of the Shapley
value is studied in terms of the associated transformation matrix M.

Theorem 4.4.2. The null space of M>" is the column space of My —1I, i.e.,

Null(MS") = Col(M)y — I).

Proof. By the associated consistency of the Shapley value in Lemma 3.3.1,
we have MM, = M*5", or equivalently, M°"(My — I) = 0. Hence,

Col(My — I) C Null(M*").
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It is sufficient to show that these two spaces have the same dimension. By
Proposition 3.2.3, 1 is an eigenvalue of M) and rank(My —I) = 2" — 1 —n.
Therefore, the dimension of the column space Col(M) — I) is

dimCol(M) — I) =rank(M) — ) =2" — 1 —n.
By the Rank Theorem and Proposition 2.3.6,
dimNull(M5") = 2" — 1 — rank(M*") = 2" — 1 —n.

Therefore, Null(M*") = Col(M, — I). O

Remark 4.4.3. Since My = PD\P~! in Lemma 3.2.8, it follows that
My —1=P(Dy—-I)P!,

and the columns in the diagonal matriz Dy — I corresponding to the eigenvalue
1, which are indexed by all single player coalitions, is a zero-vector. The other
columns span the column space Col(My — I), equivalently, they are a basis for
the null space Ngy,.

For any linear, symmetric and efficient value ® with respect to a collection
of constants B, its inverse problem or the null space Ng can be discussed in
terms of the B-associated consistency. Here, N is derived directly from the
relationship between ® and the Shapley value as given in Corollary 4.1.6.

Corollary 4.4.4. Let ® be a linear, symmetric and efficient value with respect
to a collection of constants B. Then the B-scaling of the null space No of ®
is the null space Ny, of the Shapley value, i.e.,

Ng = {v | Bv € Ngp}.

Since the collection of constants B are non-zero, so B is invertible and the
null space Mg of ® is the linear transformation by B~! on the null space Ny,

e, Ng = {B™'-w | we Ngp}.

4.5 Conclusions about matrix analysis

Chapters 2 to 4 deal with the class of linear, symmetric and efficient values,
of which the Shapley value is the most important representative. For any lin-
ear value being identified by a corresponding coalitional matrix, the algebraic
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representation and the matrix analysis are used to characterize these values.
Each value in this class is characterized by three axioms: the B-inessential
game property, continuity, and the B-associated consistency (respectively, the
B-dual similar associated consistency). As a by-product we use neither the lin-
earity nor the efficiency axiom. For this axiomatization, several types of games
are introduced on the game space. They are linear transformations with spe-
cial structures, which are associated with some types of consistency for the
class of values. Concerning the matrix approach for the B-associated consis-
tency (respectively, the B-dual similar associated consistency) of such values,
especially the associated consistency (respectively, the dual similar associated
consistency) of the Shapley value, the following three tables summarize the
relevant matrices, games and their mutual relationships.

Matrix Name of matrix Value/Game Definition
M® representation ®(v) = M®.v  Definition
MSh Shapley standard Sh(v) = M5" .v  Def. 2.3.2
Q dual v =Q - v Def. 2.1.3
B B-scaling diagonal Bv=DB-v Def. 4.1.1
M, associated transformation vfh =M, v Def. 3.2.1
M )1\7 dual similar associated transf. vf =M /\D o)) Def. 3.4.1
M f B-associated transformation vf =M /{3 ) Def. 4.1.3

M)I?D B-dual similar associated transf. va = M)LfD -V Def. 4.3.1

Table 4.5.1: Matrix representation of Shapley value and games

Sequence Limit game Property Result

{(N,vShyyee - = PDP~1 . inessential Thm. 3.2.9
{(N,vj»¥Py1 0§ =QPDP'Q-v inessential Thm. 3.4.4
{(N,vByye =B 'PDP'B-v B-inessential Thm. 4.2.3
{(N,vBDyYoo 4 = B-1QPDP~'QB -v  B-inessential Thm. 4.3.3

Table 4.5.2: Convergence results
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Property Matrix equality Result
duality MSh = MShQ Prop. 2.3.5
similarity MP =QM,Q Lem. 3.4.2

My = QM}\)Q Coro. 3.4.3
associated consistency MSh = MSh M, Lem. 3.3.1
dual similar associated consist. M*Sh = MSh g f’ Lem. 3.5.1
B-associated consist. M5B = MShBMf3 Thm. 4.2.1
B-dual similar associated consist. M°"B = MS"BM fD Thm. 4.3.4

Table 4.5.3: Associated consistency results
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Consistency for linear,
symmetric and efficient values

This chapter contributes to consistency (i.e., the reduced game property) in
cooperative game theory. The most popular definitions of reduced games
throughout the literature on cooperative game theory are reviewed. Then we
study consistency for the additive efficient normalization of semivalues. By
the explicit interrelationship between the additive efficient normalization of a
semivalue and the Shapley value in terms of the matrix approach, we define the
B-reduced game which is an extension of Sobolev’s reduced game. It is shown
that the B-scaled game of the B-reduced game is Sobolev’s reduced game
of the B-scaled game. The additive efficient normalization of a semivalue
is axiomatized as the unique value satisfying covariance, symmetry, and B-
consistency (reduced game property with respect to the B-reduced game).
Moreover, each linear, symmetric and efficient value is characterized by B-
consistency (respectively, linear consistency) and the A-standardness for two-
person games. The weighted extension forms of both the B-reduced game and
the linearly reduced game are also presented. For the class of linear, symmetric
and efficient values, the weighted versions are shown to be equivalent to the
standard versions of both the B-reduced game and the linearly reduced game,
respectively.

79
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5.1 Reduced game and consistency

Let G denote the union of all game spaces GV, when the player set N is
variable. In this chapter, a solution for a game refers to the universal game
space G. So, throughout this chapter the player set is always specified.

For the solution part, consistency is an important requirement of self-
consistency or stability. It is an extremely general principle of fair division
which states that if an allocation is fair, then every subgroup of claimants
should agree to share the amount allotted to them fairly. This idea has been
applied to a wide variety of allocation problems, including the apportion-
ment of representation (Balinski and Young [7]), bankruptcy rules (Aumann
and Maschler [6]), surplus sharing rules (Moulin [63]), bargaining problems
(Harsanyi [40], Lensberg [56-58]), taxation (Young [104]), and economic ex-
change (Thomson [85]). For reviews of this literature see Thomson [86] and
Young [105].

Generally speaking, the formulation of the consistency property for a so-
lution is in terms of the solution itself and the so-called reduced games. A
so-called reduced game is deducible from a given cooperative game by remov-
ing one or more players on the understanding that the removed players will
be paid according to a specific principle (e.g., a proposed payoff vector). The
remaining players form the player set of the reduced game; the characteristic
function of which is composed of the original characteristic function, the pro-
posed payoff vector, and/or the solution in question. The consistency property
for the solution states that if all the players are supposed to be paid according
to a payoff vector in the solution set of the original game, then the players of
the reduced game can achieve the corresponding payoff vector in the solution
of the reduced game. In other words, there is no inconsistency in what the
players of the reduced game can achieve, in either the original game or the
reduced game.

Given any game (N,v), any coalition T ;Cé N, and any payoff vector z €
RY, there are various ways to define a reduced game (N \ T,v*) with respect
to x, which is given in terms of the original characteristic function v and
the payoff vector z. Note that the player set N \ T of the reduced game is
obtained here by removing the members of T from the original player set N.
The reduced game (N \ T, v") should describe the following situation. Suppose
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that all the players in N agree that the members of T" will be paid according to
the payoff vector . Moreover, suppose that the non-members of T' continue to
cooperate with the members of T'. Then the worth v*(S) of coalition S C N\T
in the reduced game represents the total savings that the members of S may
achieve subject to the foregoing two suppositions.

A solution ® is said to be consistent (i.e., possess the reduced game prop-
erty) with respect to a specified type of reduced game, whenever the next
condition is satisfied.

o Consistency (reduced game property): if (N,v) is a game, T G N,T # ()
and z € ®(N,v), then zN\T € (N \ T, v%).

The reduced game property says that if a payoff vector = is a point in the
solution set ®(N,v) of the original game (N,v), then the restriction ¥\
of z to any coalition N \ T belongs to the solution set ®(N \ T,v") of the
corresponding reduced game (N \ T,v"). In case the solution is a value, the
reduced game condition requires that if the players are supposed to be paid
according to the value, then there is no inconsistency in what the players of
the reduced game will get, in either the original game or the reduced game.

Thus, the reduced game property can be seen as a property of consistency.

Different solutions are consistent with respect to different reduced games
(see Aumann and Dreze [3], Maschler and Owen [61], Maschler [62], Peleg [69],
Driessen [27], Chang and Hu [12]). A detailed survey of almost all of them
can be found in Thomson [87]. Here we review the most popular definitions
of reduced games throughout the literature on cooperative game theory. Let
(N,v) € GV and z € RN be a payoff vector.

The first type was due to Davis and Maschler [14] for T' being a single
player coalition. Sobolev [78] used the definition repeatedly, to define the maz
reduced game (N \ T,v") as follows:

v(N) — z(T), ifS=N\T;

_ (5.1.1)
Iélga%{{v(S UR) —z(R)}, otherwise.

v (S) =

Maschler and Davis observed that the pseudokernel satisfies the reduced game
property with respect to the max reduced game. The development of this
property of the kernel can be found in Maschler and Peleg [59], Maschler, Peleg,
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and Shapley [60]. Later, Sobolev gave an axiomatization of the prenucleolus
by means of the max consistency.
The complement reduced game (N \ T,v") proposed by Moulin [63] is de-
fined as
v(N) —z(T), if S=N\T;
va\T(S) = () @) \ (5.1.2)
v(SUT) —z(T), otherwise.
Moulin claimed that the equal allocation of nonseparable cost value of (1.2.4)
satisfies the complement consistency.

The self-reduced game (N \ T,v®) of (N,v) with respect to a value ® is
proposed by Hart and Mas-Colell [42], and it is defined by

v (8) = v(SUT) =Y ®(SUT,v), forall SC N\T,S#0, (5.1.3)
i€T

where ®(S U T,v) denotes the value of the subgame (S U T,v). By means
of the self-consistency and one property with reference to two-person games
(see Lemma 5.3.7), Hart and Mas-Colell presented another characterization of
the Shapley value. Driessen and Radzik [28] extended Hart and Mas-Colell’s
self-consistency to the class of linear, efficient and symmetric values. Another
well-known type of reduced game is the linearly reduced game, which is also
introduced with respect to the class of linear, symmetric and efficient values.
It will be studied in Section 5.4.

5.2 Matrix approach to the additive efficient nor-
malization of semivalues

To define a semivalue (1.3.11) on the universal game space G, we need a se-

quence of probability distributions {p"}°2, all satisfying the normalization
condition (1.3.12). By adding a dummy player, any game (N,v) can be ex-
tended to the game (NU{d}, v) such that, according to the semivalue SE, each
player 4 € N in the new game should get the same outcome as in the original
game. So, in the framework of semivalues, there are some recursive relation-
ships between the probability distributions p” = (p?)?_, and p"*! = (pn+1)nt]

given by

pg =pg+1 +pg-_|'——117 s = 1a27 N (521)
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We call it the inverse Pascal triangle condition . It is easy to check that these
relationships hold for the probability distribution collections of the Shapley
value. As a result, for all 1 < ¢t < n, the probability distributions p' are
uniquely determined by p™ and the inverse Pascal triangle condition (5.2.1).
Moreover, if the normalization condition (1.3.12) for GV holds, then we derive
from the inverse Pascal triangle relations that the normalization condition is
satisfied for all 7', T'C N.

In general, semivalues do not satisfy efficiency. In fact, the Shapley value is
the unique efficient semivalue and this is a crucial requirement if one is looking
for a solution that can be accepted by all the players. This motivated Ruiz et
al. [73] to consider, for any semivalue SE, the additive efficient normalization
E S E-value given by

ESE;(N,v) = SE;(N,v) +e, forall games (N,v), and alli € N,

n

where the additive efficiency term e = 1 [v(N) — 3" SE;(N,v)] is such that
JeEN

the value ESE(N,v) is efficient. The EAN SC-value (1.2.4) on GV is the ad-
ditive efficient normalization of the utopia vector (1.2.3), that is the semivalue
with p =1 and p} =0, forall1 <s<n—1.

The purpose of this section is to derive an explicit interrelationship between
the additive efficient normalization of semivalues and the Shapley value, and
secondly to establish a new axiomatization of the additive efficient normal-
ization of semivalues. Because of the linearity of a semivalue and its additive
efficient normalization, it is desirable to use the matrix approach to analyze
the efficient normalization of any semivalue. Recall the notion of a coalitional
matrix in order to represent any semivalue by means of a column-coalitional
matrix in terms of the corresponding weight vector p™ as follows.

Definition 5.2.1. Given a probability distribution p™ = (p?)"_, and any game
(N,v), the semivalue SE(N,v) is represented by its representation matriz
MSE qgs:

SE(N,v) = MSF .o,

where M°F = [MSE] 18 column-coalitional defined by

1EN,S€N
ser _ J Py, if i € S;
[M ]i’S B { —Piy1, 1 g S
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So, the semivalue SE;(N,v) of player 7 in the game (N,v) is just the inner
product of the i-th row MiSE and the column vector v of coalitional worths.
Particularly, for the Shapley value, we have the representation as given in
Definition 2.3.2.

For a semivalue SE(N,v) of any game (N,v), let € € RY be the column
vector with every entry equal to the additive efficiency term e. We call it the
additive efficiency vector of SE(N,v) and its matrix representation is given as
follows.

Lemma 5.2.2. Given any game (N,v), the additive efficiency vector € of a
semivalue SE(N,v) wverifies the matriz representation € = E - v, where the

matriz E = [E]iENSEQ 18 column-coalitional given by

[E] :{ %P?-H_%P?a if S# N;
1_pn, if $=N.

Proof. By Definition 5.2.1,

Y SE(Nv)=Y (D [MTF], 0(8) = D (D [M5F], S)u(s)

ieEN iEN SeQ SeQ ieN
- Z(Z [MSE]i,S+Z [MSE]i,S)U(S)+Z [MSE]i,Nv(N)
SGN €S i¢Ss 1EN
578
=Y [spf = (n = )pYi1]v(S) + npfo(N).
SGN
S#0

So, the additive efficiency term e of the semivalue SE(N,v) is determined by

1
e=— [v(N) — Z SE;(N,v)]
1EN
1 1
== [ =)pfys = sp{]o(8) + (= = pr)u(N).
SGN
S0
Hence, € = E - v, where the column-coalitional matrix F is as given. O

Now, for a given semivalue SE(N,v), the algebraic representation of its
additive efficient normalization ESE(N,v) is as follows.
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Theorem 5.2.3. For any semivalue SE on GV, its additive efficient normal-
ization ESE wverifies the matriz representation ESE(N,v) = MPSE .4 for all

games (N,v), where the matriz MP5F = [MESE]Z.GVSEQ 1s column-coalitional
given by
nspi=l ifie S, S#N;
[MPSF] o =9 —api™' ifidsS;
L if S = N.

i.e., for alli € N,

ESE;(N,v) = ”(n—N) +3 ?ﬁ;—l o(S) -3 %p?_l (). (5.2.2)

SCN SFi
i S#0

Proof. For any game (N, v), by Definition 5.2.1 and Lemma 5.2.2, we have
ESE(N,v) = SE(N,v) +é=MF v+ E-v= (MY + E) 0.
It remains to prove the matrix equality M°F + E = MPSF, Let i € N and
S € Q. We distinguish three cases. If S = N, then
[MSE]Z',N + [E]zN =P+ % —Pp = % = [MESE]Z',N'
By the inverse Pascal triangle condition (5.2.1), if i € S and S # N, then

n—s — 8

[MSE]Z‘,S + [EL‘,S =pi+

no_ i no_ n n
n Dst1 nps (ps +ps+1)
n—s _

5

n

i\S?
and if i ¢ S, then

[MSE] n—s p

S S
+ [E]i,s = —pZ’H + " D11 — Ep? — _E(p? +p?+1)

1,5

S n—1 ESE
= _Ep? = [M ]i,S'
Therefore, the matrix equality M5F + E = MPSF holds and so, (5.2.2) is valid
for all s € N. O

By (5.2.2) and Corollary 2.2.8, we know that the additive efficient normal-
ization of semivalues are included in the family of least square values. Now we
treat the matrix representation of the interrelationship between the additive
efficient normalization of a semivalue and the Shapley value by specifying the
collection of nonnegative constants B.
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Theorem 5.2.4. MPSE = MSM'B | where B = diag(bf5|)geg is the B-scaling
diagonal matriz such that b} =1 and b} = s("gl)p’;_l foralll<s<n-—1.

Proof. We check the entry equalities [MShB]Z. ¢ = [MESE]Z g forallie N
and S € Q. Since B is a diagonal matrix, we have

[MShB]i,S = Z [MSh]i,T [B]T,S = [MSh]i,s [B] 5,8 = [MSh]i,Sb?'
TeN

We distinguish three cases, too. Recall the formula (2.3.1) of the Shapley
standard matrix MS". If § = N, then

1 1
Sh Sh ESE] .
(M B]i,N: (M ]i,N‘bzzg'lzg: (M ]i,N’
if 1 € S and S # N, then
—1)l(n —s)! (n—1)! _
MShB = (S . n—1
[ ]275 n! (3—1)!(n—s—1)!p5
n—S8 n-1 ESE] .
= n, p? = [M ]i,S’
and if 7 ¢ S, then
I(n—s—1)! (n—1)! _
MS/’LB = _S . n—1
[M>"B], ¢ nl 5-1)ln—s_1)""
S n—
= _Ep? b= [MESE} h
We conclude that M"B = MPSE, (I

Remark 5.2.5. Let B = {b7 ‘ n>2s=12,---,n} be the collection such
that
b, =1 and b} = 3(”;1);0”_1, foralll <s<mn-—1. (5.2.3)

n S

It is left to the reader to verify that the normalization condition (1.3.12) and
the inverse Pascal triangle condition (5.2.1) for the probability distribution

p"~ 1 can be reformulated as

n

SNou=mn, and b = (1= D)0 2t s =12, n—1, (5.24)
n n

s=1
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respectively. The sum of two subsequent probabilities in the inverse Pascal
triangle condition (5.2.1) is replaced by a certain conver combination of the
corresponding constants in B. If b7 =1 for all 1 < s < n, we deduce from
(5.2.4) that b* =1, for all 1 < k < n and all 1 < s < k. It is the case that
ESE(N,v) = SE(N,v) = Sh(N,v).

Clearly, the additive efficient normalization of a semivalue satisfies effi-
ciency, symmetry, and linearity. The result in Theorem 5.2.4 agrees with the
results we have achieved in Theorem 4.1.5 and Corollary 4.1.6.

Corollary 5.2.6. For any game (N,v), the additive efficient normalization
ESE(N,v) of the semivalue SE(N,v) associated with p" is the Shapley value
of the corresponding B-scaled game (N, Bv), where b" is given by (5.2.3).

By Corollary 2.3.4, the Shapley value Sh(N,v) of a game (N, v) is of the
following form

Shi(N,v) =)

e

(s =)l (n—s)!
n!

[v(S) —v(N\ S)], forallieN.

We recite this formula in the complementary representation due to Driessen
[24] like

Shi(N,v) = Y

SCN\{z}

slin—s—1)!
n!

[v(N\ S) —v(S)], forallie N.

Corollary 5.2.7. For any game (N,v), the additive efficient normalization
ESE(N,v) of the semivalue SE(N,v) associated with p™ is of the form

sl(n—s—1)!

n!

ESE{(N,v)= Y
SCN\{i}

[ _v(N\S)—bjv(S)], foralli€ N,

where b =1 and b7} = s(”zl)p’;_l, forall1 <s<n—1 as given in (5.2.3).

This formula is important for proving the main result of Theorem 5.3.8.

5.3 Consistency for the additive efficient normaliza-
tion of semivalues

Formally speaking, a value @ is said to be consistent or possesses the reduced
game property with respect to a specified type of reduced game whenever the
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following condition is satisfied: for all games (IV,v), and all S € Q,

Q;(S,v5) = ®;(N,v), forall j €S, where z =®(N,v).
Firstly, we recall a type of reduced game considered by Sobolev [77] in order
to axiomatize the Shapley value on the universal game space G.

Definition 5.3.1 (Sobolev [77]). Given a game (N,v), a playeri € N, and
any payoff vector x € RN, the corresponding reduced game (N \ {i},v?‘v\{i})
with respect to x is defined, for all S C N\ {i}, S #0, as

vin gy (8) = (1 -

S

——)o(S) + nfl[ku{i}) —z). (5.3.1)

Note that the worth (5.3.1) of any coalition is obtained as a convex com-
bination of the worth of the coalition in the original game and the original
worth of the coalition together with the single player minus the payoff z; to
the single player ¢ for his participation. Sobolev showed the consistency for
the Shapley value with respect to this reduced game (N \ {i}, va\{i}) as

Shi(N\{i},viniy) = Shj(N,v), for all j € N\{i}, where z = Sh(N,v).

Furthermore, the Shapley value on G is axiomatized by this property as follows.

Theorem 5.3.2 (Sobolev [77]). The Shapley value is the unique value on
G which possesses covariance, symmetry, and the reduced game property with
respect to the reduced game of (5.3.1).

In order to investigate consistency for the additive efficient normalization
of semivalues, we introduce the following reduced game.

Definition 5.3.3. Given a game (N,v), a player i € N, a collection B, and
any payoff vector x € RN then the B-reduced game (N \ {i},vff’f{i}) with
respect to B and x is defined, for all S C N\ {i},S # 0, as

B,x _ S bg S bg_’_]_ 3 Z;
o (S) = (1—m)b?_lv(S)—l—(m)w—_l[v(SU{z})— bg+1]‘ (5.3.2)

By Remark 5.2.5, let the collection B verify the inverse Pascal triangle
condition (5.2.4), i.e.,

s
n—1

el = (1 )b’;+ﬁ?+1, s=1,2,-- . n—2.
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Similar to Sobolev’s reduced game (5.3.1), the B-reduced game (5.3.2) is a
certain convex combination of the worth of the coalition in the original game
and the original worth of the coalition together with the single player minus

the modified payoff bfil to the single player 7 for his participation. Obviously,
s+

Sobolev’s reduced game (5.3.1) is a particular B-reduced game when b* = 1 for
all 1 < s <k, and all £ > 2. Furthermore, we have the following relationship
between these two types of reduced games.

Proposition 5.3.4. For any game (N,v), a player i € N and a collection
B, and any payoff vector x € RN, the B-scaled game (4.1.1) of the B-reduced
game (5.3.2) is Sobolev’s reduced game (5.3.1) of the B-scaled game (4.1.1),
i.e.,

(N\ (i}, Bwgln)) = (N \ {i} (Bo) R iy)-

Proof. For any coalition S C N \ {i}, we have

S

(Bo) 1y (8) = (1 = =) (Bv)(8) + ——[(Bv)(S U{i}) — ]

= (1= —=2)b0(8) + —< [b210(S U{i}) — ]

= 0o (9) = (Biy)(9). O

Proposition 5.3.5. The B-reduced game is path-independent, i.e., for any

game (N,v) with n > 3, any pair of players i,5 € N,i # j, and any payoff
vector x € RN, it holds for all S C N\ {i,j}, S # 0, that

Bz \Bw _ ( Bz B,x
() M i) ) = (R ) M i) ()

Proof. Fix m > 3. Starting with any n-person game (N,v), at first player
i € N is removed and next the player j € N \ {i} is removed, taking into
account their payoffs z;, z; respectively. By applying (5.3.2) twice,

(W) iy V1) = (00 (VA () — 25 = o(N) — 2 — 2,
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and for all coalitions S G N\ {i,}, it holds that
(UI\B/’\z{i})ijY:{i,j}(S)
1 s (b s g biii Bz (g
_( _—)bn 2 N\{z}( )+ [bn N\{z}( U{]}) bn 2]
s bn 1 2z
= ( - { n—l]}
S bg_'_ll{( S+1)bs+1

D s UGN + S s v ) ] |

o [Eusun -

+

s
(n—2)b" 2

=(- ni2)(1 - nil)bs€20(s)+ (nig) (Ztll) zgtiv(SU{i,j})

s s by . s s+l biv1 .
- TR ey SV R (- ) SV
s z; s zj

T (n-2)pr 7 (n—2) b

The path-independence property is deduced from the symmetry of the above
expressions containing either 7 or j. (I

With respect to the additive efficient normalization of a semivalue, the
collection B in the B-reduced game (5.3.2) always is needed to verify the nor-
malization condition and the inverse Pascal triangle condition in Remark 5.2.5.
We consider the p-version of the B-reduced game in terms of the probability
distribution p™. Since the collection B is given by b = 1 and b7 = s(" ) ptt
forall 1 <s<n-—11in (5.2.3), we have

bl

o(N) — @, if 5= N\ {i};
n—1
vy (S) = ;;gﬁv(s) (5.3.3)

P3+1 ' ‘
Tz [SU{Z}) pslf (5+1)(s+1)]’

otherwise.

For the B-reduced game (5.3.2) to be well defined, the probability distribution
p" = (p?)"_, should be positive. Since p?~1 +p5+1 = p"~2, here the worth of
any coalition in the B-reduced game is also obtained as a convex combination
of the worth of the coalition in the original game and the original worth of

the coalition together with the single player minus the revised-payoff —Lt
s+1

—2i_~ to the single player 7 for his participation.
(5+1)(5+1)
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Lemma 5.3.6. The additive efficient normalization of a semivalue on G as-
sociated with a sequence of positive probability distributions {p"}°2, satisfies
the reduced game property with respect to the corresponding B-reduced game

(5.3.2).

Proof. For a given game (N,v) and any player i € N, by the relationship
mentioned in Theorem 4.1.5 between the additive efficient normalization ESE-
value of a semivalue and the Shapley value, we have, for all j € N\ {i},

ESE;(N,v) = Shj(N,Bv), and
ESE;(N\{i}, vy () = Shi(N\{i}, Bwiy()-

Hence, ESE satisfies the reduced game property with respect to the B-reduced
game (5.3.2) if and only if for all j € N\ {i},

Sh;j(N, Bv) = Shj(N \{i}, B(v3;y)); where & = ESE(N,v).

By the consistency of the Shapley value with respect to Sobolev’s reduced
game (5.3.1), applied to the B-scaled game, we have

Shj(N,Bv) = Shj(N\{i}, (Bv)é{,\{i}), for all j € N\{i}, and y = Sh(N, Bv).

Note that y = Sh(N, Bv) = ESE(N,v) = x. Together with Proposition 5.3.4,
we obtain that for all j € N\ {i},

Shj(N, Bv) = Shj(N \ {i}, (Bv) 1)) = Shi(N \ {i}, By ). O

For a value ® on G, the property of standardness for two-person games is
defined as follows.

e Standard for two-person games: for any two person game ({77}, v),

O ({1,5},v) = ’U({k})+%(v({i,j}) —v({i})—v({s})), for k € {i,j}. (5.3.4)

Lemma 5.3.7 (Driessen [27]). If a value ® on G satisfies covariance, and
symmetry, then ® is standard for two-person games.

Theorem 5.3.8. The additive efficient normalization of a semivalue on G
associated with a sequence of positive probability distributions {p™}°2, is the
unique value on G that satisfies covariance, symmetry, and the reduced game
property with respect to the corresponding B-reduced game of (5.3.2).
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Proof. A semivalue as well as its additive efficient normalization possess the
inessential game property. The linearity and inessential game property imply
covariance of the additive efficient normalization. By Theorem 5.2.3 an entry
in the matrix MP5F is only related to the size of the coalition S and the
relationship that the player 7 is a member or non-member of the coalition S.
So the additive efficient normalization of a semivalue is symmetric. Together
with Lemma 5.3.6, the additive efficient normalization of a semivalue possesses
the three listed properties.

Now we treat the unicity proof. Let ® be a value on G that satisfies
covariance, symmetry, and the reduced game property with respect to the
B-reduced game of (5.3.2). We prove, by induction on n, that ®(N,v) =
ESE(N,v) for any n-person game (N, v). The case n = 2 follows from Lemma
5.3.7. Thus, let (N,v) € G with n > 3 and suppose that

®(R,w) = ESE(R,w), for all (R,w) € G, with2 <r < mn.
Define (N, u) € G by

u(S)zv(S)—ZCI)j(N,v), for all S C N, S # 0.
JjeSs

Since both values ® and ESFE possess covariance, we have
®(N,u) =0, and ESE(N,u) = ESE(N,v) — ®(N,v).

So, the equality ®(N,v) = ESE(N,v) is equivalent to ESE;(N,u) = 0 for all
7 € N. Let + € N. By induction hypothesis and the reduced game property,
we have

BSE;(N\{i}, uysy) = @5 (N\{i}, uilyy) = ®5(N,u) =0, for all j € N\{i},

where £ = ®(N,u). We denote I';; = {S € Q| S>5485 Fj}and S°=N\S

for all S € Q. Put r] = W, so that r{ =r]_._,. In the following, we

deduce that ESE;(N,u) =0 from ESE;(N \ {i}, ul]f,’f{i}) =0.
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By Corollary 5.2.7, we have

0= BSE;(N\ {i}, uyiys)
= 3 el (N GD\S) — b, (9)]

SCN\{i.j}

= Y b u((SU )+ (

SCN\{inj} "

— (1= —Z)bu(S) — b u(S U {i})|

= Y sl (S U )) — Bl U )]

T SCN\{iy}

— (n—s = 1) [plu(S) — bi_u(5)] }

) u(S°)

1
= —— > (= Oy [ph_u(T9) = bpu(D)]
Tely;
e > (s — bru(s)]
SCN\{i,j}
= = 3 pno(T) = ()]
Terl;;
e S (ST — bru(S)]
" seN{ia)
1
= >0 (=D — ) [V () — b))
Tel;;
= (N, u) — ﬁ ey [bn u(TC) — bfu(T)]

TeTy;

Thus,

|
ESE;(N,u) =~ 3 1 [b" tu(Tc)—b?u(T)], for all i,j € N, i # j.
Tery;

By interchanging the players ¢ and j, we obtain that for all 4,7 € N,i # j,
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using S = T°,
1
BSE(N,u) =~ >~ v [Bi (1) - bfu(T)]
Ter;
1 _
= = > i [prus) - b u(se)]
Sery;
1
=== 3 o [ u(s) — bu(s)]
n
Ser;
= —ESE;(N,u)

From this and n > 3, we conclude that, for any three players ¢,j,k € N,
ESE;(N,u) = —ESEi(N,u) = ESE;(N,u). Therefore, —ESE;(N,u) =
ESE;(N,u) and, ESE;(N,u) =0, for all j € N. O

Remark 5.3.9. For characterizing the additive efficient normalization of semi-
values, the collection B of the B-reduced game of (5.3.2) should be positive and
verifies the normalization condition and the inverse Pascal triangle condition:

n
Sti=n, and b= (1- %)bg+1+%bgﬁ, s=1,2,--- ,n—1. (5.3.5)
s=1

5.4 Linear consistency and Sobolev’s consistency

For any game (N,v), any player i € N, and any payoff vector z € R, the
linearly reduced game (N \ {i}, vf\,\{i}) with respect to z is defined as

v(N) — z;, if §=N\{i}

(5.4.1)
(1 — wy,)v(S) + wn,s[0(S U{i}) —z;], otherwise,

v (9) =
where wy, s € [0,1], 1 < s < n — 2, are weight coefficients. The subgame and
the complement reduced game are particular cases of (5.4.1) when w, s = 0,
respectively wy s = 1 for all 1 < s < n —2 . Sobolev’s reduced game (5.3.1)

is also a particular linearly reduced game with wy, s = ~*3. The p-version

B-reduced game (5.3.3) of the additive efficient normalization of semivalues
n—1

is a slight adaptation of the linearly reduced game with wy, s = zifﬂz and the

revised-payoff -t - L

Pst1 (8+1)(s+1

y They coincide on Sobolev’s reduced game.
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Concerning any type of reduced game, the worth of its grand coalition N\T
is equal to v(N) — z(T'). Such a definition preserves efficiency of a solution
vector z in any reduced game. Therefore, the sequel of linearly reduced games
also follows this procedure. Let m™ = (m})?_, be a weight collection. For
any game (N,v), any T & N, T # (), and any given payoff vector = € RY, the
linearly reduced game (N \ T, v*) with respect to = (called m-reduced game by
Ruiz, Valenciano and Zarzuelo [73]), is defined as

v(N) — z(T), ifS=N\T;
vnr(S) = > % [v(SUR) — z(R)], otherwise, (5:4.2)
RQT t,s

t
where o7, = 3 (Hymn,,. A value is linearly consistent (i.e., m-consistent)
0

r=
if it satisfies the reduced game property with respect to the m-reduced game
(5.4.2).

A weight collection m = {m"}22, is consistent when the weights, normal-
n—1

ized according to Y. (
1

n—2
s—1

for all n and all 1 ngs <n-1.

n+1

)m’; = 1, verify the relation m} = m?“ +m",

Proposition 5.4.1. For each consistent weight collection m, the correspond-
ing least square value LS™ on G is the additive efficient normalization of the

semivalue with p?~' = m?, for all n and all 1 < s < n — 1, and vice versa.

n—1
Proof. If m is consistent, then by (1.3.13), o = 521 (Z:f)m? = 1, while for
any game (N, v), we have
LS (N,v) = T—i—ﬁ[ Z (n—s)ms-v(S)—Z sms-v(S)], for all i € N.
SCN SZi
EeY S#0

n
Let p?~! = m?, foralln >2and all1 <s <n—1 Then > (" |)p? =1

and p? = ptt! —i—p’;ill, for allm > 1 and all 1 < s < n. So the sequence p =

{p"}5°, satisfies the normalization condition and the inverse Pascal condition.
Meanwhile,

N) 1
LS (N,v) = U(n )+E[ Z (n—s)p?_l-v(S)—Z sp;‘_l-v(S)], for all s € N.
& 52
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By (5.2.2) in Theorem 5.2.3, we conclude that LS™ is the additive efficient
normalization of the semivalue with p?_l =my foralln >2andall 1 <s <
n — 1, and vice versa. O

The consistency of the weight collection m is equivalent to the normaliza-
tion condition and the inverse Pascal condition of the corresponding sequence
p of probability distributions. Moreover, for the family of least square values,
Ruiz et al. [73] showed the following.

Theorem 5.4.2 (Ruiz et al. [73]). The least square value LS™ on G asso-
ciated with the weight collection m is linearly consistent if and only if m is a
consistent weight collection.

Theorem 5.4.3 (Ruiz et al. [73]). For each consistent weight collection
m, the corresponding least square value LS™ on G is the unique value that
satisfies linear consistency and the standardness for two-person games .

By Proposition 5.4.1 and Theorem 5.4.2, we obtain directly the following
relation between the family of least square values and the additive efficient
normalization of semivalues.

Theorem 5.4.4 (Ruiz et al. [73]). A least square value LS™ on G is linearly
consistent if and only if it is the additive efficient normalization of a semivalue.

In comparison with (5.4.2), we prefer the simplified representation for the
linearly reduced game given by Yanovskaya and Driessen [102] as

) o(N) — z(T), if S=N\T;
v ($) = D Qs [U(S UR) — a:(R)], otherwise, (5:4.3)
RCT

t
where o} . are arbitrary non-negative real numbers such that (i) aps, =1,
r=0
foralll1<t<n-—1l,andalll1 <s<n-—t—1.

Yanovskaya and Driessen [102] classified linearly consistent values to be
linear, symmetric and efficient, provided that some kind of standardness for
two-person games applies.

Theorem 5.4.5 (Yanovskaya and Driessen [102]). Let ® be a value on
G which is linearly consistent and A-standard for two-person games (for some
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A € R). Then the value ® is linear, symmetric, as well as efficient. Moreover,
D is the unique value on G satisfying linear consistency and the A-standardness
for two-person games.

For a value ® on G, the property of A-standardness for two-person games
(where X\ € R) is defined as follows.

e \-standard for two-person games: for any two-person game ({i,j},v),
@ ({i,7},v) Z/\U({k})Jr% [v({i, s 1) —=do({i})=Av({j})], for k € {i,5}. (5.4.4)

Obviously, the standardness for two-person games is a particular A-standardness
with A = 1. In their axiomatic approach, Yanovskaya and Driessen [102] de-
rived a formula for any linearly consistent value ® satisfying A-standardness
for two-person games, as follows: for any game (N,v), and alli € N,

@,V =L AT ey 0(8) -3 sl gy, ()] (5.45)
SCN SFi

For future purposes, we introduce the following generalization of Sobolev’s
reduced game (5.3.1).

Definition 5.4.6. Given a game (N,v), a coalition T G N, T # 0, and any
payoff vector x € RY | then the reduced game (N \ T, ’UN\T> with respect to x
s defined as
v(N) — z(T), if §=N\T;
_ n—t—1
vmr(S) = > s [0(SUR) —z(R)], otherwise. (5.4.6)
RCT (s+r )(5+r)

This reduced game is also a special linearly reduced game, which involves
a new type of probability distribution. Because of the following calculations

(ntl t ntl)

2 (s +) (0 Z s+r)(s+r)

RCT s+r r=

t s r—1 s—r—1
vy & >( =) 1 s

= )

The proof of the latter equality proceeds by induction on n for all cases of ¢,

1 <t <mn-—1, together with the combinatorial property (})+ (,",) = (njl)

This combinatorial equality can be interpreted as the number of possibilities
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to put ¢ identical balls into n —t different boxes, either directly or indirectly, to
enumerate by addition, for every 0 < r < ¢, the possibilities to put r identical
balls into s different boxes and the remaining ¢ — r identical balls into the
remaining n — ¢t — s different boxes.

The worth fufv\T(S) of coalition S in the reduced game (5.4.6) is interpreted
as the expectation of coalition S in the following probabilistic setting. On the
one hand, it is assumed that the remaining players in (N \ T) \ S are not
present, on the other that players in T act as possible partners for coalition
S. If coalition S forms a partnership with set R from T, the coalition S is
conceded to benefit by what is left of the worth v(S U R) of the resulting
partnership, given that their partners j, j € R, have to be paid z; according
to the proposed payoff vector :1:( T}le1 )probability that S forms a partnership

o(n—t-
()
Theorem 5.4.7. Given a game (N,v), a coalition T G N, T # 0, and any
payoff vector x € RN, the reduced game (5.4.6) with respect to x is the gener-
alized Sobolev’s reduced game (5.3.1), i.e.,

with set R from T is equal to

Consequently, the Shapley value satisfies the reduced game property with respect
to the reduced game (5.4.6).

Proof. For showing the reduced game (5.4.6) is the generalized Sobolev’s
reduced game, we apply Definition 5.3.1 repeatedly to achieve (5.4.6). Obvi-
ously, if T' = {i} for some 7 € N, then the reduced game (5.4.6) agrees with the
Sobolev’s reduced game. By induction hypothesis, suppose that the repetition
holds up to the removal of coalition T'\ {i}, for all 1 € T, i.e.,

o(N) = =(T\ {i}), if §=N\(T\{i});

mevipS) =9 s ) 19 UR) — #(R)], otherwise.
RQT\{Z} (S+1‘)(5+r)

Applying (5.3.1) to the reduced game (N \ (T'\ {7}), va\(T\{i})), we obtain, for
all S C N\ T,S # 0, that

S

i x S x €T .
(UN\(T\{i}))N\T(S) = (1 o E)UN\(T\{i}) (S)+ [UN\(T\{z‘}) (Su{i}) —:I?i] .

n—t
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If S=N\T, then

Wi i) e (N T) = o (o) (VN (T {i}) U {i}) — @i
=o(N)—z(T\{i}) —z; =v(N) —z(T).
Otherwise, if S G N\ T, S # (), then
n—t

s (")
(i) ir($) = (1= PETSIG]
mavan)ine(8) =1 - =) RC%;{Z.} (s +7)(3)

[0(SUR) — 2(R)]

N s { Z ($+1)(s+1) [v(SU{i}UR)_x(R)]_ZEi}

RCT\{i} (s +1+7)(171)

S(n—t—l)
= >, ——=—[v(SUR) - x(R)]

RCT\{i} (s+7) (s—i—?‘)

oy ) bsuum -] - )

rerv (11100 n—t
Z n t— 1) ]
_ ) _[o(SUK) - z(K)
I;(CaT 8 + k (s+li)

S t—1
+> —)S(HL)[U(SUK) — z(K) + ;] —

T
KgT(S+k s+k n—t
K>i
5> ) s u k) - o)
= L _w(SUK) —z(K
KCT (s + k) (Z+11)
The last equality is based on
s(" ; 1) s . : s+k—1\ (n—s—k—1 n—1
= ) l.e., _ _ = . .
> Gy Taee e REUE - ()
EX

The inductive proof of the latter equality proceeds similar to (5.4.7). Conse-
quently, the Shapley value satisfies the reduced game property with respect to
the generalized Sobolev’s reduced game (5.4.6). O
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5.5 B-consistency and path-independently linear con-
sistency

For a linear, symmetric and efficient value ® on G, by Theorem 4.1.5 and
Corollary 4.1.6, there exists a collection B = {b” ‘ n>2s=12---,n} with
by = 1 for all n > 2, such that ®(N,v) = Sh(N,Bv) for all games (N, v).
By the path-independence of the B-reduced game as stated in Proposition
5.3.5, we are going to define the B-reduced game (N \ T, vf,’i”T), by repeatedly
applying (5.3.2), as follows.

Definition 5.5.1. Given a game (N,v), a coalition T G N, T # 0, a collection
B, and any payoff vector x € RN, then the B-reduced game (N\T, ’UN\T> with
respect to B and x is defined as

5 v(N) — z(T), if S=N\T;
N\T(S) { > %I: [ (SUR) — béi)], otherwise. (5.5.1)
RCT s+r

The relationship presented in Proposition 5.3.4 can be extended to the
generalized reduced games as follows.

Proposition 5.5.2. For any game (N,v), a player i € N and a collection B,
the B-scaled game of the B-reduced game (5.5.1) is the generalized Sobolev’s
reduced game (5.4.6) of the B-scaled game , i.e.,

(N\T,B( vN\T) =(N\T.(Bv)jr), forallze RY.
Proof. Recall that b) =1 for all m > 2. So,
(B(UN\T))(N \T) = 'UN\T(N \T) =v(N)—z(T)

= (Bv)(N) — z(T) = (Bo)j\p (N \ T).
For all SG N\ T, S # (), we have

. S(n t— 1)
Bv S) = E — 35 - 1 (Bv)(SUR) — z(R

n t— 1)
ch:T s+7’)(slr)

= by e (S) = (Blogiy)) (). O

[b7,,0(S UR) — (R)]
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Similar to Lemma 5.3.6, we can prove the following theorem.

Theorem 5.5.3. For a given collection B, the corresponding linear, symmet-
ric and efficient value ® on G satisfies B-consistency, i.e., the reduced game
property with respect to the corresponding B-reduced game (5.5.1).

Proof. For any game (N,v) and any T ;Cé N,T # (), we have , by Theorem
4.1.5 forall j € N\ T,

®;(N,v) = Sh;(N,Bv) and &@;(N\T, vN\T) Sh;(N\T, B(’UN\T))

Hence, ® satisfies B-consistency with respect to the B-reduced game (5.5.1) if
and only if for all j € N\ T,

Shj(N,Bv) = Sh;(N\T, B(’UN\T)) where z = (N, v).

By the consistency of the Shapley value with respect to the generalized Sobolev’s
reduced game (5.4.6), applied to the B-scaled game, we have

Shj(N,Bv) = Shj(N\T, (Bv) N\T) for all j € N\T, and y = Sh(N, Bv).

Note that y = Sh(N, Bv) = ®(N,v) = z. Together with Proposition 5.5.2, we
obtain that for all j € N\ T,

Sh;(N, Bv) = Shj(N\T, (Bv) Shi(N\ T, B(oyp). O

N\T)

For characterizing the class of linear, symmetric and efficient values, and
revealing the relation between the linearly reduced game and the B-reduced
game, similar to (5.3.3), we present the p-version B-reduced game as follows.

’IJ(N)—:B(T) ifS=N\T;

ps+r l‘(R) .
R%:T = [(SUR) PSL«I —(5+’“)(5+r)]’ otherwise,

B, (S)

UNAT (5.5.2)

where p?~! = %, for alln and 1 < s < n —1, is from (5.2.3). A value
is also said to be B-consistent if it satisfies the reduced game property with
respect to the p-version B-reduced game (5.5.2). By this p-version, together
with the A-standardness for two-person games, we can derive inductively the
formula of a linear, symmetric and efficient value.
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Theorem 5.5.4. For a given collection B, the corresponding linear, symmetric
and efficient value ® on G is the unique value that satisfies the A-standardness
for two-person games and B-consistency.

Proof. For a given collection B, by Corollary 2.2.8, it is to easy to check
that the corresponding linear, symmetric and efficient value ® on G is A-
standardness for two-person games. By Lemma 5.5.3, we know that & is
B-consistent. Now we show that, for a value ®, the B-consistency, together
with the A-standardness for two-person games, imply linearity, symmetry and
efficiency, as well as the uniqueness of the value. The procedure is similar to
Yanovskaya and Driessen’s proof of Theorem 5.4.5.

Clearly, the A-standardness implies the efficiency of ® for two-person games.
Generally speaking, the B-consistency for ® implies the efficiency of @, the in-
ductive proof of which proceeds as follows. For any game (N,v) with n > 3,
and any ¢ € N,

> ®(N,v) =®i(N,v)+ > D;(N,v)

JEN JEN\{i}

= BN+ Y BN fi) o)
JEN\{i}

= @;(N,v) + vl (N \ {i}) = o(N),  where z = ®(N,v).

Fix a two-person coalition I' = {7, j},7 # 7, and consider the associated
two-person B-reduced game (valf,x)_ Since @ is efficient and B-consistent,
together with the property of A-standardness for two-person games, we obtain
that

®;(N,v) + ®;(N,v) = (T, 0E") + (T, v2%) = 2" ({i, j}),

O;(N,v) =&;(T,op") = dop *({i}) + L[vp " ({i,5}) — wp® ({i}) — e ({51)].

From this, we derive the following equality

®;(N,v) = @;(N,v) + Afup* ({i}) — v ({5})]. (5.5.3)
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Furthermore, by (5.5.2) of the two-person B-reduced game, we have

n—1
B~ = Y P (R UL -~ x<Rl_1)}

RCN\ig} P1 Pl (411,
n—1
1 R
- Y B furuGn - o Al
n—1 (1+T)(n 1)
RCN\{i,j} Piqr 147
Pt ! Pt -
TCN\{J} TCN\{i}
T3j

Hence, for every pair {i,j}, i # j, of players, (5.5.3) reduces to

®;(N,v) = ;(N, [ Yo o@D g ] (5.5.4)

TCN\{j} TCN\{i}
T T>j

For a fixed player ¢ € N, summing up (5.5.4) over all j € N \ {i} and using
some straightforward combinatorial computations, we obtain

(n—1)®;(N,v) = Z <I)j(N,v)+il[Z(n s)p" (S Zsp v( ]

; s 1
eN\{: SCN SFi
JEN\{i} ;! 5%

Since ® is efficient, therefore, for every game (N,v) and all i € N, we arrive
at the following

v(IV A
D, (N,v) = v(v) + —1[ E (n — s)p=Lu( E sp (S ] (5.5.5)
n npy SCN SFi
5;31‘ S#D

From Corollary 2.2.8, we know that & is linear, symmetric and efficient.

We turn to the uniqueness part. Suppose that there exist two values @
and 1 on G both possessing the A-standardness for two-person games and B-
consistency. By considering (5.5.4) on both ® and 1, we derive the following
equality:

®;(N,v) — ®;(N,v) = ;(N,v) —;(N,v), foralli,j€ N,i#j.

For a fixed player i, summing up the equalities over all j € N \ {i} and using
the efficiency of both values ® and 1), respectively, we arrive that

®,(N,v) = ¢;(N,v), forallié€ N. O
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By Theorem 5.4.5 and Theorem 5.5.4, both linear consistency and B-
consistency together with the A-standardness for two-person games, charac-
terize the class of linear, symmetric and efficient values. But the linearly
reduced game and the B-reduced game are actually different. The B-reduced
game is path-independent as shown in Proposition 5.3.5. Generally, the lin-
early reduced game (5.4.3) is not path-independent. In [102], Yanovskaya and
Driessen showed that it is path-independent if and only if there exists a weight
collection m = {m"}7°, such that of;, = :gﬂ, forall1 <t <mn-—1,al
1<s<n—t—1landall0<r<t, and

. v(N) —(T), if $=N\T;
Unvr(S) = > % [’U(S UR) — :U(R)], otherwise. (5.5.6)
RCT

t n—1
The normalized condition Y (%)af,, = 1 is translated into (")mr =1,
r=0

and the relation m? = m?+! —I—m?jfll, for alln and all 1 < s < n—1. Therefore,
the path-independently linearly reduced game is the m-reduced game with a
consistent weight collection m. A value ® is said to be path-independently
linearly consistent if ® satisfies the reduced game property with respect to the
m-reduced game with a consistent weight collection m. The B-reduced game is
introduced on the idea of B-scaled version in terms of the relationship between
any linear, symmetric and efficient value and the Shapley value. These two
types of reduced games coincide on Sobolev’s reduced game for the Shapley
value.

In view of the p-version B-reduced game (5.5.2), it is similar to the path-

independently linearly reduced game (5.5.6) when p?~! = m?, for all n and

all 1 < s < n—1. Different to (5.5.2), the inverse Pascal triangle condition

m? =m? +m2H forall nand all 1 < s < n—1, is needed in (5.5.6) to keep

the path-independence property. Whereas, in (5.5.2), the path-independence

1, xR
P ()
Since, for any game (N,v) with n > 3, for all S G N\ {i,5}, S # 0, by (5.4.1)
and (5.3.2), we have

property is kept in terms of the adaption that revise z(R) by
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n—1 n—l

T T mg mg
(VR{i}) i gy (8) = e —=z o3 () toe [UN\{l}(S u{s}) - %‘J]

:Z::{m £ o(8) + Tt [v(Su{z}) —x]}
+ m*{fn’: w(SU{j}) + m:f [o(s Ui} U (i) _z]} :+ )

ms

= a=zv(S) + s+1v<su{z})+ S“v(su{y}n S“v(su{a,m

mrT 1
_ mg +m g — Ml
n—2 g n—2 J
MmMs ms

=m v(S)+ SHU(SU{z})

.S

z0(SU{j}) +— 5“ zo(SU{):})

_ m?+11 i — m?—q—ll T
mg—2 v mn 2 7o
5 B pn 2 n—2 1 )
x ) S
(UN\{i})N\{i,j}(S) = 3UN\{2}(S)+ I:UN\{l}(SU{-]} PO o
S
-2 n—
p? [ps ps+1 . 1 Z;
=B 1B u(8) + B [o(S Uil — = - =
e pe? pe b Pt (n=1(")?)
—92 —
Pyti [P Ps+2 1 Z;
+ ot o(SULH + 22 [o(S UG} Ui - 5 - -
pt? s+1 ps+1 p;’+21 (n—l)(n 2
p:;l 1 Zj

pi% Pt (n—-2)("00)
_ B9 4 B (s U i) + B (s U ) + PR u(S U i)

s s s Ps
1 x; 1 Zj

T =2 i (n—-2)(7Y)
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The path-independence property is deduced from the symmetry of the above

items containing either ¢ or j.

Theorem 5.5.5. A value ® on G satisfies the standardness for two-person
games and the path-independently linear consistency if and only if it is the

additive efficient normalization of a semivalue.

Proof. Let ® be a value on G satisfying the standardness for two-person
games and the path-independently linear consistency. Since the reduced game
is path-independent, the corresponding weight collection m is consistent. By
Proposition 5.4.1, we know that & is the additive efficient normalization of a
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semivalue. On the other side, the additive efficient normalization of a semi-
value is a least square value LS™ with the weight collection m such that
my = p?_l, foralln > 1 and all 1 < s < n — 1. Hence, m is consistent
and the linear reduced game is path-independent. By Theorem 5.4.3, LS™
satisfies the standardness for two-person games and the path-independently

linear consistency. U

During the proof of Theorem 5.5.4, we notice that for any linear, symmetric
and efficient value, the scaling numbers of z:( R) of the corresponding B-reduced
game (5.5.1) or (5.5.2), can be chosen arbitrarily, except for relating the sizes
of coalitions S, T' and R for symmetry property. So, we introduce the Byy-
reduced game as follows (p-version). Denote by W a collection {w"}>°, of
weights w}js’,« forallnandall1 <t<n—-1,1<s<n—-t—-1,0<r <t

Definition 5.5.6. Given any game (N,v), any coalition T € Q, T # N,
any collection B, any weight collection W, and any payoff vector x € RN, the
By -reduced game (N \ T, vB’xW) with respect to B, W, and x is defined as

N\T
5 v(N) — z(T), if S =N\T;
»T _ n—1
vN\IV“V(S) - Potr [U(S UR) — wgs,rx(R)], otherwise. (5.5.7)

Theorem 5.5.7. A linear, symmetric and efficient value ® on G is B-consistent
if and only if it satisfies Byy-consistency, (i.e., the reduced game property with
respect to the Byy-reduced game (5.5.7)).

Proof. Let ® be a linear, symmetric and efficient value on G. For any Byy-
reduced game (T, vg’xw), by Corollary 2.2.8, there exists a certain sequence

of real numbers p', s =1,2,--- .t — 1, such that, for any i € T,
@(T B,IW) - ’U?,CL‘W (T) + Z P_fs . B,xywy (S) . Pg . B,z (S)
5o N t s 0T t—s T '
sGT sGT
S5i EED

For a fixed R C N \ T, considering all coalitions with the same size s in the
right hand of the above equality, the sum of these items z(R) appeared in all
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n—1

ps ps+r n :05 DPstr n
Z s ) n t— 1 Z ) n t— 1 m(R)
[S]=s |S|=s
531 SFi

n—1
_ Psr n
=Pst W
Ps |5| s |S|_s
S31i SFi

-1
Py O _
— o B (B[ - ()] = o
Ps
This implies that for ®;(T, vB W) the total sum of all payoffs z(R), R C N\T,
appeared in two summation parts on the right hand of the above formula,

equals 0.

For the corresponding B-reduced game (T, vff”), we have the same conclu-
sion. Note that vo™ (T) = v (T), so we have

&, (T, v5™) = &;(T,ve"), forallieT.
Therefore, ® is B-consistent if and only if it is Byy-consistent. O

Similarly, we define the following W-linearly reduced game for any weight
collection W and show the equivalence of W-linear consistency and linear
consistency for the corresponding linear, symmetric and efficient value.

Definition 5.5.8. Given any game (N,v), any coalition T € Q, T # N, any
weight collection W, and any payoff vector x € RN, the W-linearly reduced
game (N\T, ’UN\T) with respect to W and x is defined as

v(N) — z(T), ifS=N\T;
W8 =9 S af, [o(SUR) —wp,a(R)]. otherwise,  (5:58)
RCT

where o' ¢ . are arbitrary non-negative real numbers such that Z ( )at sr =1,
r=0
foralll1<t<n-—1,andal1<s<n—t-—1.

Theorem 5.5.9. A linear, symmetric and efficient value ® on G is linearly
consistent if and only if it is W-linearly consistent, (i.e., the reduced game
property with respect to the W-linearly reduced game (5.5.8)).
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Proof. The proof is similar to Theorem 5.5.7. O

For any linear, symmetric and efficient value, by the equivalence of the
Wh-scaled version of the B-reduced game (respectively, the linearly reduced
game) and the original of reduced game, if we study the consistency for this
value, we can choose some simple weighted versions, such as all wy;,, = 0 or
1. The corresponding reduced games are determined by the formulae (5.4.5)
and (5.5.5) of the value.

Note that, if the collection B is positive and verifies the normalization
condition and the inverse Pascal triangle condition (5.3.5) as given in Remark
5.3.9 (for simplicity, we call this collection B is consistent), then, the p-version
of B-reduced game (5.5.2) is the adaption of the path-independently linearly
reduced game (5.5.6) when p?~! = m” for alln and all 1 < s < n—1, by

S

ised R 1_ A fU(R)_ .
revised z(R) as P PTG
of a semivalue is linear, symmetric and efficient, by taking all wi; , = 1 and

Since the additive efficient normalization

Theorem 5.5.7, we have

Corollary 5.5.10. The additive efficient normalization of a semivalue on G
18 B-consistent with respect to a consistent collection B if and only if it is
path-independently linearly consistent.

By this corollary, together with Theorem 5.3.8 and Theorem 5.5.5, we
have the following axiomatizations of the additive efficient normalization of a
semivalue.

Corollary 5.5.11. The additive efficient normalization of a semivalue is the
unique value on G that satisfies the path-independently linear consistency, sym-
metry and covariance .

Corollary 5.5.12. Given a consistent collection B, the additive efficient nor-
malization of a semivalue is the unique value on G that satisfies the standard-
ness for two-person games and B-consistency.

To conclude this chapter, we summarize by the following diagram for these
two types of consistency and the corresponding axiomatizations of the class
of linear, symmetric and efficient values. We denote a linear, symmetric and
efficient value by LSE-value.

e LSE-value: B-consistency <= Byy-consistency. (Theorem 5.5.7)
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e LSE-value: linear consistency <= W-linear consistency. (Theorem
5.5.9)

e ESE-value: B-consistency with respect to a consistent collection B <—
path-independently linear consistency. (Corollary 5.5.10)

e LSE-value <= linear consistency + A-standardness for two-person games.
(Yanovskaya and Driessen [102])

e LSE-value <= B-consistency + A-standardness for two-person games.
(Theorem 5.5.4)

e ESE-value <= path-independently linear consistent LS-value. (Ruiz et
al. [73])

e ESE-value <= B-consistency with respect to a consistent collection B
+ symmetry + covariance. (Theorem 5.3.8)

e ESE-value <= path-independently linear consistency + symmetry -+
covariance. (Corollary 5.5.11)

e ESE-value <= path-independently linear consistency + standardness
for two-person games. (Theorem 5.5.5)

e ESE-value <= B-consistency with respect to a consistent collection B
+ standardness for two-person games. (Corollary 5.5.12)






Chapter 6

Matrix approach to the
Harsanyi set and the Weber
set

In this chapter, we apply the matrix approach to analyze the Harsanyi set
and the Weber set. The Harsanyi set consists of so-called Harsanyi payoff
vectors and is exactly determined by the collection P of dividend sharing
systems. We use the matrix representation M? for a dividend sharing system
in P¥. Under the Moebius transformation, the dividend sharing matrix M?
is translated into another sharing matrix M9, which is associated with the
worth vector v of the game space GV . From suitable properties of the sharing
matrix MY, especially the non-member sharing entries [M9]; 5, S € Q,i & S,
we verify the axiomatization of Harsanyi payoff vectors in terms of linearity,
efficiency, null player property and positivity (Derks, Haller and Peters [16]).

On the other side, the marginal contribution vectors m”(v), = € IIV,
defined with respect to the worth system, are shown to be represented by
the dividend sharing matrices MP", © € IIV, which implies that the Weber
set W(v) is a subset of the Harsanyi set H(v) for any game (N,v). In the
setting of the Weber set, the corresponding collection P" of dividend sharing
matrices and the collection QW of worth sharing matrices are correlated by
the inverse of the Moebius transformation. We characterize the Weber set
in terms of appropriately chosen Harsanyi payoff vectors by investigating the
extreme points of PV as well as Q. This matrix approach yields an essential

111
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interpretation for the relationship between the two collections PV and QW
as well as the former related results of Vasil’ev [96], Vasil’ev and van der
Laan [95], Derks, van der Laan and Vasil’ev [19]. Similarly, for a Harsanyi
payoff vector, the complementary dividend sharing matrix MP with respect to
the complementary dividends is also described in terms of the complementary
Moebius transformation.

The study of the extreme points of PV and QW is pivotal to characterize
the Weber set by the Harsanyi payoff vectors. Recall that an extreme point
of a linear system X (A,b) can be recognized by its carrier. A linear system
associated to P and Q"W is constructed and the second approach to inves-
tigate their extreme points is accessed by the concept of carrier. We apply
the same technique to study the extreme points of the Harsanyi set. Together
with the core-type structure of the Harsanyi set by Vasil’ev [92], independently
derived in Derks et al. [16], we present a recursive algorithm for computing
the extreme points of the Harsanyi set for any game.
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6.1 The Harsanyi set

With the basis of the unanimity games (N,ug), S € €, for the game space
GV, there are associated real-valued coefficients named dividends [40,41]. As
mentioned in Subsection 1.3.1 and Section 2.1, for the dividend vector A? of a
game (N, v), there exists the Moebius transformation M* of the worth vector
v such that M? - v = A?. Equivalently, v = (M?)~! . A?, where the inverse
of matrix M2 is given by

1, ifTCS;

07 (6.1.1)
[ ]S’T 0, otherwise.

That is, v(S) = >, AY(T) for all S € Q. In particular, v(N) = > AY(T).
TCS TEQ
In words, the worth of a coalition is the sum of dividends of all subcoalitions.

For the reason that the square-coalitional matrix M* is nonsingular, the
dividend vector A” and the worth vector v are equivalent from the algebraic
point of view. So, a payoff vector allocating the overall worth v(N) among
players, in a sense, distributes these dividends AY(S), S € €, among players.
This procedure of distributing dividends elicits some other game-theoretic so-
lution concepts (e.g., the weighted Shapley values). The Harsanyi set, con-

sisting of all Harsanyi payoff vectors, is well-known.

SeN

A dividend sharing system p = (pis)ies is defined as

pf >0 forall S €Q,i€S, such that pr =1 for every S € Q.
1€S

For any game (N, v) and any dividend sharing system p, the dividend sharing
payoff vector ¢”(v) € RN given by

o' (v) = prA”(S), for all i € N,

531

is called the Harsanyi payoff vector or sharing value with respect to p. Ac-
cording to the sharing value, the payoff ¢! (v) to player i equals the sum over
all coalitions S containing ¢ of the dividend sharings pis by player 7 in the
dividend A"(S) of coalition S. It is well known that the Shapley value Sh(v)
is the sharing value of symmetrically distributed dividends, i.e.,

Sh;(v) = Z A S(S), for all i € N.
S3i
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The set of Harsanyi payoff vectors agrees with the set of all payoff vectors
obtained by distributing the dividends of all coalitions S among the players
in S. This set is named the Harsanyi set by Vasil’ev [91,93], or the selectope
by Hammer, Peled and Sorensen [39], independently. Denote by P the set
of all dividend sharing systems p, i.e.,

PH = {p|p’ > O,pr =1, forall S € Q,i € S}.
JES
Formally, the Harsanyi: mapping is the solution mapping that assigns, to each
game (N, v), the Harsanyi set H(v) C RN given by

H(v) = {¢*(v) | p € P}

6.2 The Moebius transformation for characterizing
the Harsanyi payoff vectors

In this section, the matrix approach is applied to express and characterize
Harsanyi payoff vectors and the Harsanyi set. For any dividend sharing system,
the corresponding Harsanyi payoff vector is linear with respect to the game
space. By Theorem 2.2.1, the dividend sharing system can be modelled as a
matrix, which distributes, for any coalition, its dividend among its members.

The dividend sharing matriz MP = [Mp]z‘eN sen

sharing system p € P is the column-coalitional matrix given by

with respect to a dividend

7). — p?, ifies;
0 0, ifigs.
Since [MP]; s = 0 for all i € S, the condition 3" p¥ = 1 means that each col-
1€S
umn sum of MP equals one, i.e., Y [MP]; s =1 for all S € Q, or equivalently,
1€EN
1y - MP =1, (6.2.1)

where 15 and 1q are column vectors with all entries equal to one. Therefore,
the set PH of dividend sharing systems may be identified with its matrix
equivalence

PH = {MP | MP > 0;1y-MP = 1g; [M?], ; = 0for all S € Q,i ¢ S}. (6.2.2)
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For a game (N,v), with respect to a dividend sharing matrix M? € P the
matrix representation of any Harsanyi payoff vector ¢f(v) = MP - AV holds,
and hence, the matrix equivalence of the Harsanyi set is given by

H(v) = {MP.A" | MP € PT}.

For sharing the dividends, the Harsanyi set is strongly related to the basis
of unanimity games. By Theorem 2.1.8, the Moebius operator transforms
this basis into the standard basis of unity games. It means that the Moebius
transformation translates any dividend sharing matrix into another type of
sharing matrix associated with the worth vector instead of the dividend vector.

Let the column-coalitional matrix M9 = [MY);cn scq, denote the right
Moebius transformation M9 = MPM? of any dividend sharing matrix M?,
and call M9 the worth sharing matriz. We denote by Q¥ the set of all worth
sharing matrices, i.e., the right Moebius transformation on the set PH of
dividend sharing matrices:

ol = pH A = (MPMA | MP € PP}, (6.2.3)
The following result presents the characterization of worth sharing matrices.
Theorem 6.2.1. The set Q of all worth sharing matrices is given by

Qf = { M| 1y - M" = (0,0, ,0,1);

[Mq]i75 = _[Mq]i,S\{i}a forall S € Q,i€ 8,5 75 {Z},

S (M%Yir >0, for all S € Qi€ S}. (6.2.4)
728

Proof. Let MP € P and write M9 = MPM*. We show that MY satisfies
these three conditions. By (6.2.1) and Proposition 2.1.6, we have

1y -M7=1y - MPM> =1y - M> =(0,0,---,0,1).
By (2.1.2), for alli € N, S € Q,

[MT; =Y [MPLir[M®rs =Y (=1)"*[MP]; .
TeQ DS
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Recall [MP);7 =0, forall T € Q, i ¢ T. So, for all S € Q, 1 € 5,5 # {i}, it
follows that

[M]; s\(iy = Z (=D M = — Z (=)' [MP) = —[M; 5.
TS\{i} T8

Further, as MP = M9(M*)~!, we obtain from (6.1.1) that

0< [MPis =Y MYz [(M>) ] o= [MYir, forallSeQ,ies.
Ten Y

Hence, M7 € Q. Now, suppose that M9 satisfies these three conditions.
Write MP" = M9 (M*>)~!. We show that MP" € P7. By (6.1.1), we have

Iy MP" =1y M7 (M%) = (0,0, ,0,1) - (M%) =1,
For all S € Q and all i« € N, we have
(M Jis = > [MT L (M) g = D M7 i

TeN TS

If S >4, then [MP"]; s > 0. If S ¥4, then

(M Jis = [MTLir =Y MLz + Y M7 iz

TDS TS T3S
- TSt T3

= D IMTTir+ Y M )i gy
TDS DS
T4 T>1

=Y Mg =Y M) =0.
TD>S TD>8
T31 T>1

We conclude that M?P" € PH, O

By (2.1.1) and (6.2.3), a Harsanyi payoff vector ¢”(v) of any game (N, v)
corresponding to the dividend sharing matrix MP € PH can be expressed as

@P(v) = MP - A” = MPM* v = M?.v, where M9 e Q.

In words, any sharing value given by a weighted sum of dividends can be
rewritten by the Moebius transformation matrix as a weighted sum of worths,
and vice versa. Some related results can also be found in Vasil’ev [94] and
Dragan [21]. The following is an alternative representation for the Harsanyi
set in terms of the worth system of any game.
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Corollary 6.2.2. For every game (N,v), its Harsanyi set is of the form
H(v) = {M%-v| MIec Q"}.

Hence, the Harsanyi set H(v) is described algebraically in terms of the
worth sharing matrices in @, modelled as a second, alternative type of ma-
trices. The structure of these matrices, particularly the occurrence of non-
member entries [M?); 1\ (5 for all T € Q,T >4, T # {i}, reflects the properties
of efficiency, null player property, and positivity, which are used to characterize
Harsanyi payoff vectors (Derks, Haller, and Peters [16]).

It is easy to check that Harsanyi payoff vectors satisfy linearity (additiv-
ity), efficiency, dummy player property (null player property), inessential game
property and covariance. A game (N, v) is said to be totally positive (respec-
tively, negative), if its dividends AY(S) > 0 (respectively, A¥(S) < 0) for all
S € Q. In this setting, the positivity of a value ® on GV is introduced as
follows (see Vasil’ev [90]).

e Positivity: a value ® on GV is positive if ®;(v) > 0 for every totally
positive game (N,v), all i € N, as well as ®;(v) < 0 for every totally
negative game (N, v), all i € N.

Derks, Haller, and Peters [16] characterized the Harsanyi payoff vectors through
the positivity property.

Theorem 6.2.3 (Derks et al. [16]). A value ® on GV satisfies linearity,
efficiency, the null player property and positivity if and only if ® is a Harsanyi
payoff vector.

Proof by the matrix approach. For any game (N,v), let ©P(v) be a
Harsanyi payoff vector with respect to the dividend sharing matrix M? € PH.
Then ¢P(v) = M9 - v, where M7 = MPM* and M? € QF.

By Theorem 2.2.1, we know that ¢P(v) is linear. In viewing of (6.2.4), by
Proposition 2.2.2, the condition l;v - M?=1(0,0,---,0,1) of M7 implies that
©P(v) is efficient; whereas [MY]; 5 = —[MY]; ¢\ () for alli € S, S € Q, S # {i},
by Proposition 2.2.3, implies the null player property of ¢?(v). Since ¢ (v) =
M9-v=MP-A" and [MP]; s = > [M%;7 >0forallie S, S e Q, for every

T2
totally positive game, we have -
@l (v) = [MP); sA"(S) >0, foralli€ N.
531



118 Chapter 6

The positivity holds for ¢P.

Let ® be a value on GV satisfying these four properties. We show that ®
is a Harsanyi payoff vector. By Theorem 2.2.1, we know that there exists a
column-coalitional matrix M?® such that ®(v) = M® - v for any game (N,v).
Together with efficiency, we have l;v -M?® = (0,0,---,0,1), from Proposition
2.2.2. Forall S € Qandi € 5,8 # {i}, [M®]is = —[M?®)]; 5\(;} is deduced
from the null player property and Proposition 2.2.3. Moreover, by Corollary
2.2.4 we have

Oi(v) =Y [M*is[v(S) —v(S\{i})], forallie N.
531

Consider the unanimity game (N,ug), for every S € Q. It is a totally
positive game with A¥S(S) =1 and A¥S(T) =0, for all T # S, T € Q. By
the null player property, we have ®;(ug) = 0, for all i ¢ S. For all 7 € S, it
holds that

Oi(us) = [M*)ir(us(T) —ug(T\ {i})) = > [M®)iz.

Ti TS
So for all S € Q,i € S, by positivity we have Y [M?®];7 > 0. Therefore,

725
M?® € Q. By Corollary 6.2.2, we have ®(v) € H(v). O

Because the Harsanyi set is defined on the dividend vector instead of the
traditional worth vector, we would like to unveil the meaning of this solution on
the latter system. In this algebraic proof, the sharing matrix MP of dividends
is translated by the Moebius transformation into the associated sharing matrix
M1 of worths.

Viewing the proof of Theorem 6.2.3, the worth sharing system with respect
to a Harsanyi payoff vector P, modelled as the column-coalitional matrix
MY, implies the linearity of oP. The conditions: 1y - M? = (0,0,---,0,1),

[Mq]i,g = _[Mq]i,S\{i}v for all S € Q,i € S,S 79 {’l}, and Z [Mq]i’T > 0,
TD8
for all S € Q,i € S, are corresponding to the properties of efficiency, the

null player property and positivity of the Harsanyi payoff vector, respectively.
Correspondingly, by the proof of Theorem 6.2.1, the dividend sharing matrix
MP, implies the linearity of ¢”. The conditions: llN - MP = l/Q, [MP]; s =
0, for all S € Q,i ¢ S, and [MP];¢ > 0, for all i € N,S € Q, are also
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corresponding to the properties of efficiency, the null player property and
positivity of ¢P, respectively. Particularly, the Shapley value is the Harsanyi
payoff vector possessing symmetry. By Proposition 2.2.5, the corresponding
dividend sharing matrix M? is also symmetric, that is [MP]; s = 1 for all
SeN,ieb.

Remark 6.2.4. In [95], Vasil’ev and van der Laan introduced the collection
Q7 of all sharing systems q = (qf)feesQ associated with the Harsanyi set, which
assign a weight g7 € R of v(S) to each player i in any coalition S > i. The
sharing systems q are characterized by two equalities:

qN) =g =1 and Y ¢f= > V. foraiseq
iEN i€S JEN\S

It is rather difficult to understand the relationship of the second equality with
axioms of the Harsanyi payoff vectors. In our matriz approach, the non-
member entries [M; ¢\(;y, S € Q, 4 € S,8 # {i}, are also considered. During
the proof of Theorem 6.2.3, we know that the equalities

(MY = =[MY; s\, S #{i}, D [MYr >0, forall S€Q,i€S,
TDS

imply the null player property and positivity, respectively. So by the matriz
approach, some essential properties of the associated worth sharing matrices
M9 € QF are presented for aziomatizing the Harsanyi payoff vector as well
as the Harsanyi set. Moreover, it motivates a shorter and intuitive proof of
the characterization of the Weber set by the Harsanyi payoff vectors in Section
6.3.

6.3 Matrix approach to characterize the Weber set

The Weber set is based on the concept of marginal contribution vectors, as the
the collection of all random order values. In a sense, it is to share the worths
of a game. By the inverse of the Moebius transformation, we can represent
the marginal contribution vectors as a sum of appropriate dividends to discuss
the relationship between a random order value and a sharing value, as well as
the relationship between the Weber set and the Harsanyi set.

Derks, Haller and Peters [16] have shown that the Weber set is a subset of
the Harsanyi set and they also provide necessary and sufficient conditions on a
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game (N, v) for the Harsanyi set to coincide with the Weber set. Vasil’ev and
van der Laan [95] characterized the Weber set by Harsanyi payoff vectors. In
the following, we prove these results by using the matrix approach. Firstly, the
marginal contribution vectors m™(v), = € II"V, are represented algebraically in
terms of the dividend sharing matrix MP? € P,

Definition 6.3.1. Given any game (N,v) and any permutation = € IIN, the
marginal contribution vector m™(v) of (1.3.15) is represented by the matriz
M7 as

m”™(v) = M? v,

where the matriz M7 = [MY |;cn seq is column-coalitional defined by

1, ifS=n'
M7 )is =< —1, if S=ni\{i},n # {i}; (6.3.1)
0, otherwise.

By the interrelationship between the worth vector and the dividend vector
for a game, we have the following expression for the marginal contribution
vectors.

Lemma 6.3.2. For any game (N,v) and permutation © € IV, the marginal
contribution vector m™(v) is of the form m™(v) = MP" - AY, where the matriz
MP" = [MP"|ien.seq is column-coalitional given by MP™ = MY (M), in
explicit form

= 1, ifie s, SCxl;
P — 9 ) = ’
(M s { 0, otherwise.

Furthermore, MP" € PH for all w € TIV.

Proof. For any game (N, v) and any permutation w € II'V, by Definition 6.3.1
and Definition 2.1.4, we have

m™(v) = M7 v = M7 (M2)"L.AY = MP". A", where M?" = M7 (M*>)~".
By (6.3.1) and (6.1.1), for alli € N, S € Q,

[Mp”]i,S = Z [qu]i’T[(MA)_I]TS = Z[qu]i,T-

)

TEeN T8
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Observing (6.3.1), there are at most two non-zero entries in each row of M7 .
Since S C '\ {i} implies S C 7%, we have [MP?"]; ¢ > 0 for alli € N, S € Q.

Moreover, [MP"]; s = 1 if and only if S C 7* and S € «*\ {i}. That is to
say, S C n' with i € S. Otherwise, we have [MP"]; s = 0, and particularly,
[MP™]; s =0, for all S € Q, i & S. Finally, it is easy to check that l;v S MPT =
1. Therefore, MP" € PH. O

By this lemma, the Weber set can be represented in terms of the worth or
dividend sharing matrices, associated with permutations, as

W(v) = Conv{M? -v | m € TV} = Conv{MP?" - AY | 7 € TIV}.

From the fact that M?" € PH for all = € IIV, it is deduced that, for any
game (N,v), all marginal contribution vectors m™(v), © € I, belong to the
Harsanyi set H(v). Since the Harsanyi set is convex, it includes the Weber
set.

Corollary 6.3.3 (Derks et al. [16], Vasil’ev and van der Laan, [95]).
It holds that C(v) C W(v) C H(v), for all games (N,v).

In Derks et al. [16] the class of games is characterized for which the two
sets W (v) and H(v) coincide by using one type of consistency property, see
also Derks and Peters [17]. In the following, we focus on a characterization
of the dividend sharing matrices for which the corresponding Harsanyi payoff
vectors belong to the Weber set. This characterization has first been discussed
in Vasil’ev and van der Laan [95], later in Derks, van der Laan and Vasil’ev
[19]. We provide here an alternative and more accessible approach, which is
from a matrix-theoretic point of view related to the inverse of the Moebius
transformation.

We introduce the set P of dividend sharing matrices as follows:
PV ={MP e PH | [MPM?], >0 forall S €Q,i€ S}

Correspondingly, we denote by Q"W the right Moebius transformation of PV,
i.€.,

QW =PV MA = (MPMA | MP e PV, (6.3.2)

We show that both of these sets are related to the Weber set. The following
characterization is a direct consequence of (6.2.3).
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Proposition 6.3.4.
OV = (M€ Q| [MY); 5 >0 for all S € Q,i € S}.
From this proposition, for any M% € QW since

[Mp] i,5 = [Mq(MA)_l]i s = Z[Mq]i,T[(MA)_I]TS = Z[Mq]i,Ta

) )

TEeN T8

and [M9); 7 > 0 for all ¢ € T, we have [MP]; g > [MP]; s for all RC S, S € Q,
with i € R. We call this monotonicity of the dividend sharing matrix M? € PW.

Obviously, P" is a convex polyhedron. For every M? € P it holds that
0 <[MPl;s <1, forallie N,S e, and so, PW is a bounded convex set, as
is @". Since any bounded convex polyhedron is equal to the convex hull of
its extreme points, we turn to study the extreme points of P and QW. Let
Exz(Y) denote the set of all extreme points of a convex set Y.

Lemma 6.3.5 (Vasil’ev and van der Laan [95]). The extreme points of
the polyhedron PV are the matrices MP", 7 € IIN | that is

Ew(PW) = {M”Tr | e HN} and PV = Conv{M7"7r | e HN}.

Proof. Firstly, we show that M?" € Exz(PW), for all 7 € IV. By Lemma
6.3.2, MP" € PH and, for all S € Q, i € S, we have

[MP" M2, =M is > 0.
So, MP" € PW. Suppose that there exist M?', M?* € PV and X € (0,1) such
that

MP™ = AMP + (1 - \)M”.

Note that [M?"]; s € {0,1}, while 0 < [M?'];5 < 1, 0 < [MP"]; 5 < 1, for
alli € N,S € Q. Thus, if [MP"]; s = 0, then [M?']; s = [M?’]; s = 0; else
if [MP?"]; s = 1, then [Mpl]i,g = [Mpz]i,g — 1. Therefore, MP" = AMP' +
(1 — A\)MP’, together with 0 < A < 1, imply MP' = M?* = MP". Hence,
MP" € Ex(PY) and {MP" | m e IV} C Ez(PY).

Now we prove that Ez(P") C {MP" | = € IIV}. Let MP" be an extreme
point of PV and M? = MP"M®. We show that [M?"]; s € {0,1}, for all
1€ N,S €.



Matrix approach to the Harsanyi set and the Weber set 123

Suppose that S; is the last column in the lexicographic order, such that
0 < [MP'];,.5, <1, for some i; € Sy. So [MP");, r = [MP"]j, r = 0, for all
R 2 S1. Obviously, |S1| > 2, for the reason of [MP"];,;; = 1. There exists
j1 € Sy such that 0 < [M?'];, s, < 1 because of 1)y - MP" = 1. Therefore,

(M7 iy 5 = [MPMP], o= > (=) (M7,

i, R [MP Ji1,s, > 0,
RDS,

and similarly, [M'];, s, = [M?"];,.s, > 0.

So [M *]21 Si\a} = [Mq*]h s, < 0and [Mq*]thl\{jl} - _[Mq*]jhsl <0.
Together with 1N M9 = (0,0,---,0,1), it follows that there exists iy € Sy =
S1\{i1}, jo € Ty = S1\ {j1} such that [M7];, 5, > 0 and [M? ], 7, > 0. This
procedure can be continued up to coalitions with a single player. We get two
sequences 41,12, , 4|5, and ji,j2, -, j|g,| in S satisfying

[Mq*]il,Sl > 0 and [Mq*]jl,Tl >0, forl=1,2,--- ,lSll,

where Sl = Tl, Sl—i—l = Sl \ {’ll} and Tl_|_1 = Tl \ {jl}, [ = 1,2,“ . ,|51| — 1.
Some of them maybe repeated between these two sequences. Let

a= min{[Mq*]il,Slﬂ [Mq*]jl,Tl | l=1,2,--- 7|Sll}'

Obviously, a > 0. Construct two sharing systems M?" and M4 as following

[MT], ¢ =[MTis, +a, 1=1,2,--,[S1];
(M), g =M Ty —a, 1=1,2, |1 = 15
(M), = [M ]asz a, 1=1,2,---,[5];
[Mqa]] Tt ].71Tl+1+a =12, |51 -1

\ [Mqa] = [M1 ]15, otherwise,

( [Mq a]u,S, Zl si—a, L=1,2,---,[5];
(M7, g = M Nisiy +a, 1=1,2,-,[81] = 1
(M), = [M ]Jsz"‘a I=1,2,--,[S];

[Mq a]g Tt ]Jz,Tl-H_a’ 1=1,2,-,[5] -1
| [M9” a] = [M1 ]15, otherwise.
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There are possibly some repetitions between the two sequences of [M qa]

11,5]
and [Mqa]jl’Tl forl =1,2,---,|S1| or between the two sequences of [Mqa]il,51+1
and [Mqa]jl Tyis for I =1,2,---,|S1| — 1. If this happens, the repetition en-

tries will not change by adding both ¢ and —a. A similar statement applies
to M7 “.

Obviously, M4 = L(M? + M9"). Furthermore, we have 1y - M =
1y - M7 =(0,0,---,0,1), [MT"], >0, [MT]; 5 >0, forall S € Q, i € 5,
and also, for S 75 {Z}, [Mqa]i,S\{i} = —[Mqa]i’s, [Mq_“]i,s\{i} = —[Mq_a]i’g.
Therefore,

M9 € QW and M7 " € QW.

So by (6.3.2), MP" = M%(M*)~' € PV and MP™" = M7 “(M?)~! € PW.
Thus

a a

MY = M (M) = ST MUY (MA) T = (M7 M7,
This contradicts that MP" is an extreme point. And hence [MP"]; s € {0, 1},
foralli € N,S € Q.

It remains to show that the extreme point M?”", is a MP" for some w € IIV.
By [MP"]; s € {0,1}, foralli € N, S € Qand 1’y-MP" = 1, it holds that there
exists one and only one entry [MP? ]; s = 1 in each column of M?" indexed
by any S € Q. Let [MP|;, x = 1 for the column of M?" indexed by N.
Furthermore, by monotonicity of MP?", we have [MP? ], s = 1, for all S C N,
S 3 k1. Considering the column indexed by N\ {k1}, let [MP"];, ny (3 = 1.
By monotonicity we know that [MP |y, ¢ = 1, for all S C N\ {k1}, S 2 ko.
Continuing this procedure, we obtain a sequence ki, ko, - - - , k,, satisfying

[Mp*]kr,N\{k1,k2,~~~,kr_l} =1, forr=2,3,---,n,
and
[Mp*]kms =1, forall S5k, SCN\{ki, ko, - ,kr_1},

and [MP"]; 7 = 0 for other cases. It is easy to check that MP" = MP" with 7 =
(knykn_1,-++ ,k1) € IV, This implies that Ez(P") C {MP" |n e IV}. O

By the relationship between P" and QW we have the following corollary.
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Corollary 6.3.6 (Vasil’ev and van der Laan [95], Vasil’ev [96]). The
extreme points of the polyhedron QW are the matrices M , m € TIV, that is

Ex(QV)={M7 |7 eT™} and QY = Conv{M? | x eV}

Proof. Since QW = {MPM? | MP € PV} = PWMA, it is an invertible
linear transformation from PY to QW or equivalently, a one-one mapping
from PW to Q. Both QW and PW are convex bounded sets. Hence

Ez(QV) = Ex(PV)MA = {(MP" M? | n eIV} = {M7T | n e IV}

That is to say, Q" = Conv{M?" | = € IV} O

Theorem 6.3.7. For every game (N,v), the Weber set W (v) is the subset of
the Harsanyi set H(v) given by

W) ={M? v | MIc Q"}.
Proof. It follows immediately from
W (v) = Conv{m™ (v) | 7 € I} = Conv{M?" -v | 7 € TV}
and Corollary 6.3.6 concerning Ez(Q") = {M?" | = € TIV}. O

From this theorem, we deduce the characterization of random order values
by Weber [99] and the characterization of the Weber set in terms of Harsanyi
payoff vectors by Vasil’ev and van der Laan [95].

Theorem 6.3.8 (Weber [99]). A value ® on GV satisfies linearity, effi-
ciency, the null player property and monotonicity if and only if ® is a random
order value.

Proof by the matrix approach. It is easy to check that a random order
value satisfies linearity, efficiency, the null player property and monotonicity.

We only prove that a value possessing these four properties is a random
order value. Similar to the proof of Theorem 6.2.3, we know that a linear,
efficient value ® satisfies the null player property if and only if there exists
a column-coalitional matrix M® with conditions: l/N -M® =(0,0,---,0,1),
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and [M®]; 5 = —[M®); g\s}, for all S € Q, i € 5,5 # {i}, such that for any
game (N, v),

Oi(v) =Y [M*is[0(S) —v(S\{i})], forallie N.
531

By using the monotonicity of ® on the unity game (N,e®), S € Q, it holds
that, for all 7 € S,

®i(e®) = D _[M®]ir[e¥(T) — % (T\ {i})] = [M*]i,s > 0.
Ti

Therefore, M® € Q". By Theorem 6.3.7, ® is a random order value. (I

Theorem 6.3.9 (Vasil’ev and van der Laan [95]). For every game (N, v),
the Weber set W (v) is the subset of the Harsanyi set H(v) given by

W (v) = {MP-A” | MP € PV},
Proof. By Theorem 6.3.7, (6.3.2) and (2.1.1), we have

W) ={M? v | MIec QV}={MPM> .v| MP e PV}
= {MP .- A" | MP € PV} O

Remark 6.3.10. For these characterizations of both the random order values
and the Weber set by the Harsanyi payoff vectors above, the most pivotal pro-
cedure is to analyze the extreme points of PV and QW . It was first shown in
the work of Vasil’ev [96] that the matrices MY are the extreme points of Q" .
Then, Vasil’ev and van der Laan [95] presented an alternative and shorter
approach, but it needed several lemmata filling 9 pages with rather difficult
proofs. In our approach, we prefer to study PV instead of QW for the divi-
dends to be directly related to the Harsanyi payoff vectors. As we mentioned
in Remark 6.2.4, our description of properties for QW deduces a shorter and
intuitive characterizing procedure. Comparing to the former approaches, our
matriz expression yields an essential interpretation for the relation between
two sharing systems PV and QV, as well as some works of Vasil’ev in [96],
Vasil’ev and van der Laan in [95], Derks, van der Laan, and Vasil’ev in [19].

Derks et al. [16] showed that the dividend sharing system p is monotonic if
the Harsanyi payoff vector ¢ (v) of a game (N, v) is in the Weber set. However,
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not every ¢P(v) is in the Weber set when p is monotonic. To characterize the
monotonic dividend sharing systems yielding Harsanyi payoff vectors in the
Weber set, Derks, van der Laan and Vasil’ev introduced in [19] the property
named strong monotonicity for a dividend sharing system p. Similarly, in
terms of the matrix representation, a dividend sharing matrix MP € PH is
called strongly monotonic if

Z (=1)"°[MP);,;r >0, whenerverie SCT CN.
R|SCRCT

This property characterized the dividend sharing matrix M? € PV associated
the Weber set.

Theorem 6.3.11 (Derks et al. [19]). A dividend sharing matriz MP € PH
is strongly monotonic if and only if MP € PW.

This theorem provides us the second characterization by Derks et al. [19]
of the random order values within the Harsanyi set.

Theorem 6.3.12 (Derks et al. [19]). For each game (N,v), the Harsanyi
payoff vector z € H(v) belongs to the Weber set W (v) if and only if there exists
a strong monotonic dividend sharing matriv MP € PH such that z = ©P(v).

6.4 The complementary dividend sharing matrices

As known, there is associated a coefficient vector with each basis for the game
space, such as the worth vector of the basis of unity games and the dividend
vector of the basis of unanimity games. These coefficient vectors are equiv-
alent from the algebraic point of view. As shown in Section 2.2 and in this
chapter, any linear value on the game space can be viewed as how to share
the worth vector, equivalently, how to share the coefficient vectors related
to different bases. The sharing system can be formulated algebraically as a
column-coalitional matrix.

In this section, the complementary dividends with reference to the ba-
sis of complementary unanimity games are discussed and the corresponding
complementary dividend sharing matrices are analyzed.

For any game (N, v), its dividend vector A" and complementary dividend
vector A? are represented by the Moebius transformation matrix M2 and
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the complementary Moebius transformation matrix M A respectively, as AV =
M2 - v and @” = M? - v (see Definitions 2.1.2 and 2.1.4). On the one
hand, v = (M?)~! - A?, on the other, by (1.3.8), the game representation

v= Y AY(S)ug yields that
SGN

o(T) =Y A'S)us(T) = > AY(S), forall T €.

SGN TCN\S
Proposition 6.4.1. The inverse (M2)~! = [(MA)_l]TEQ gcn Of matriz MA
s given by ”
AL 1, f TCN\S;
Ay—1 _ 3 = ;
[(M ) ]T75 N { 0, otherwise. (6.4.1)

In accordance with Remark 2.1.5, the last column of the inverse (M Ay-1
is indexed by the empty set () such that [(MA)_l]T@ =1 for all T' € €. Since
the last row of (M%)~ is indexed by the grand coalition N, by (6.4.1), each

entry equals zero, except for [(M2)~!] . = 1. For future purpose, we restate

N0
this property as

(0,0,---,0,1) - (M*)~t = (0,0,---,0,1). (6.4.2)

We have the following relationship between these two types of dividend sys-
tems.

Proposition 6.4.2. For any game (N,v), it holds that A" = A - A?, where
the transformation matriz A = [A] 18 square-coalitional given by A =

MAMA)L, in explicit form

[Alr,s = { (=1 T CS; (6.4.3)

0, otherwise.

c
TGN,S€Q

Proof. Obviously, for any game (N,v), we have
AV =M2 = MA(M2) 1 A" = A-AY, where A = MA(MA)L.

For all T G N, S € Q, write @ = (N \ T) U S. In view of (6.1.1) and (2.1.6),



Matrix approach to the Harsanyi set and the Weber set 129

we have
[Alr,s = Z [MA]T,R[(MA)_l]R,S = Z (_1)t_(n_r)
ReQ N\RCT
RDS
— Z (_1)t+r—n — Z (_l)t—H"—n
nggggT RD[(N\T)US]
_ t+r—m __ t+r—m (n—
=Y ()T =Y ()
R2Q =q
n—q
= (DY DR () = (D) — 1
k=0
B (-1, ifQ=N,ie, TCS; 0
0, otherwise.

Note that the last row of A is indexed by the empty set () such that every
entry of this row is equal to one. That is to say,

(0,0,---,0,1) - A = 1. (6.4.4)
Proposition 6.4.3. The inverse A~! = [A_I]TEQ gcy of matriz A is given
by ”

-1 _ (_l)t_la ZfT Z S;
[A ]T,S o { 0, otherwise, (6.4.5)

And, 15 - A=' = (0,0,---,0,1).

Proof. Obviously, A~! = MA(M2)~!. By (2.1.2) and (6.4.1), for all T €
Q2,8 G N, we have

A s = 30 MY, (03 Y= 3 (D= D (-1

ReQ) RCT,R#0 RCT\S
RCN\S R#£(

Write @ =T\ S. Then we have

q
A e =Y (=1 =3 (=D = () > (=17(0) = (1)
RCQ r=1 r=0
R#0Q
(=D)L ifq#0,de, TZS;

0, otherwise.
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By Proposition 2.1.6 and (6.4.2), it follows that
1o-A7'=15-MA(M2)™ =(0,0,---,0,1)-(M2)~"' =(0,0,---,0,1). O

For a game (N, v) and any dividend sharing matrix MP, from Proposition
6.4.2, the Harsanyi payoff vector ¢P(v) can also be thought as to distribute
the complementary dividends A”(S), S g N. Correspondingly, we introduce
the column-coalitional matrix M? = [MP];_y scy, by the linear transforma-
tion MP = MPA~! of any dividend sharing matrix MP and call MP the
complementary dividend sharing matriz. We denote by PH the set of all com-
plementary dividend sharing matrices, i.e.,

P =pPHA= = (MPA™ | MP € PH}. (6.4.6)
So, the Harsanyi payoff vector ¢ (v) and the Harsanyi set H(v) are given by
@P(v) = MP-A” = MP. A" H(v)={MP.A"| MP ¢ PH}.

Note that the last column of MP? is indexed by the empty set () instead of the
grand coalition N. In the following, we study the properties of the comple-
mentary dividend sharing matrix M? € PH.

Theorem 6.4.4. The set PY of all complementary dividend sharing matrices
s given by

ﬁH = {Mﬁ |1,N - MP = (0307 7071)7
(MP)s = [MPlig,  for all SGN,i ¢S,
[MP]; iy = [MPip — 1,
S (-)MPlip >0, for all SG N,i€ 8,5 # {i}}. (6.4.7)

5
Proof. Let MP € P¥ be a dividend sharing matrix and write M? = MPA~.
We show that the complementary dividend sharing matrix MP satisfies these
four conditions. By the characterization of the dividend sharing matrices in
(6.2.2) and Proposition 6.4.5, we have

1y -MP =1y -MPA =15-A"' =(0,0,---,0,1).
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Further, for alls € N, S ; N, by (6.4.3), it holds that

[MP)is = [MPALis = > [MPlir[Alrs = > (—1) [MP]i . (6.4.8)
TGN TCS

We show inductively on s = |S| that [M?]; 3 = [MP]; 4, for all S # i. Since

[MP);s =0 for all S € Q, i ¢ S. Obviously, for any j € N,j # i, [MP]; (jy =

[Mﬁ]i’@—[Mﬁ]i,{j}, it follows that [Mp]i,{j} = (O if and only if [Mﬂ@{j} = [Mﬁ]i’@.

Assume that [MP]; 7 = [MP]; g forallT € Q,i ¢ T with |T| < |S|. Consider

the coalition S U {l}, for any [ € N \ S,I # i. By (6.4.8) and induction
hypothesis, we have

[MP]; suqy = Z (=)' [MP)sr

TCSU{l}
= Z ) [MP)ir + Z (—1)'[MP)ir
TCS TCSU{l}
T>1
= [M"];s + Z (=)' [MPlig + (=1 [MP); sy
TCSu{l}

+ [MP); g Z(—l)t(tfl) + (=1 MP]; suqy
t=1

= (=1)°[MP); + (=1)* T MP]; suqy-

Since [MP]; suqy = 0, we conclude that [MP]; g,y = [MP]; 9.

Note that 1 = [MP]; ; = [MP]; 5 — [Mp]i,{i}, and therefore, [Mﬁ]i7{i} =
[MP]; g — 1. For all S ; N,ie S, S #{i},

0 < [MP];s = Z(—l)t[Mﬁ]i,T = Z(—l)t[Mﬁ]z’,T + Z(—

TCS TCS TCs
- T3t THi
= > (D' MPLr+ Y (—D)'[MPlig
ns TS
= Z (=D [MP)i.z + [MP]; 5y
TCS
T34
= > (-1)'[MP)i . (6.4.9)
TCS

T3i
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Now, suppose that M?" satisfies these four conditions. M?" is a comple-
mentary dividend sharing matrix if and only if M?'A is a dividend sharing
matrix. Write MP" = MP'A. We show that M?" satisfies the three conditions
in (6.2.2). If 1'N - MP" =(0,0,---,0,1), then by (6.4.4),

1y -MP" =1y-MPA=(0,0,---,0,1)- A= (0,0,---,0,1).

For alli € N,S € Q, if S # 4, by [M?]; 5 = [MP"];y and (6.4.8), it follows
that

(M7 Jis =Y ()M Jip = [MP ]9 ) (-1)f

TCS TCS

=M ) (1) = M7 ]ip(1 = 1" =0,
t=0

Moreover, [M?"]; iy = [MP']; g —[MP); ;3 = 1, and if i € S, 5 # {i}, applying
the same procedure in (6.4.9), we conclude that

[MP )5 = > (=D Ml + [MP); s\ = Y (=1)'[MP);p >0. O
= =

In fact, the complementary dividend sharing system, modelled as a column-
coalitional matrix, implies the linearity of the Harsanyi payoff vector. Recall-
ing the characterization of the Harsanyi payoff vector by the matrix approach
in Theorem 6.2.3 and the proof of Theorem 6.4.4, we know that the condi-
tions of MP in (6.4.7) are corresponding to the axioms of efficiency, the null
player property and positivity of the Harsanyi payoff vector, respectively. The

efficiency condition l/N - MP = (0,0,---,0,1) can be replaced by

S Mg =1, S MPlis =Y [MPlig— 1, forall S#£0.  (6.4.10)

1EN 1€ES 1€S
By (6.2.3) and (6.4.6), it is easy to derive the following relationship.

Corollary 6.4.5. The set QY of worth sharing system is the right comple-
mentary Moebius transformation of the set P¥, i.e.,

off = PHMA = (MPMA | MP € PHY. (6.4.11)
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Remark 6.4.6. The Shapley value is the Harsanyi payoff vector possessing
symmetry. The symmetry property of the corresponding complementary div-
idend sharing matriz MP, by Proposition 2.2.5, together with (6.4.10), de-
duce that [MP); 5 = &, as well as [MP); s = =, for alli ¢ S, S C N. And
MPl, s =L -1 forallie S, S S N. From the proof of Theorem 2.2.1, we
know that in this case [MP); s = Shi(tus) is the Shapley value of the player i of
the complementary unanimity game (N, ug), for all S g N, as given in [29].

Similarly, we denote by P" the linear transformation of PV by A1, i.e.,
PV =pPWA = {MPA™" | MP e PV} (6.4.12)
So, the Weber set W (v) of any game (N, v) is given by
W (v) = {MP- A" | MP ¢ PV}.

Since a Harsanyi payoff vector is included in the Weber set if and only if
positivity is strengthened as monotonicity. Equivalently, by Proposition 6.3.4,
its worth sharing matrix M? satisfies [M9]; s > 0, for all i € S, S € €. For
the complementary dividend sharing matrices in P, we have the following
proposition.

Theorem 6.4.7. The set P of the complementary dividend sharing matrices
MP with respect to the Weber set, is given by

PY = {MP € PT | [M7]; > 0, and

3 (1) ML > 0, for all § 34,5 # {z’}}.

TDN\S
T#N,T3i

Proof. Let M? € PH be a complementary dividend sharing matrix. Write
M9 = MPMA and by (6.4.11), we have M € Q. Then by (6.3.2) and
(6.4.12), M? € PW if and only if M? € Q". Equivalently, by Proposition
6.3.4, if and only if [M?); ¢ > 0, for all S € Q,i € S. By Theorem 6.4.4 and
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(2.1.6), we have, for all S € Qi1 € S,

Mg = > [MPlig[MArs = > (1)) [MP]p

C
TiN

TDON\S
T#N

= > ()T e+ Y (D) MP)

TDN\S
T#N,T>i

TDON\S
THi

= > (FD)TOIMr 4 M) Y (—1) )

TDON\S TDON\S
T#N,T>i THi
) B n—1
= Y (D)TIMp 4+ (M Y (D))
TDON\S t=n—s
T#N,T>i
s—1
= Y (1)) + (M) > (-1F (LY
TDON\S k=0
T#N,T>i
= > (=D)"OTIMPY g+ [MP) (1 - 1)
TDN\S
T#N,T>i

So for alli € N,

[MT; = Y ()7 DM = [MP); jy gy = [MP); 9,
TN

and all for S 3, S # {i},

MYs =Y (=) M.
TDON\S
T#N,T>i
Therefore, [M9]; s > 0 for all S € Q,7 € S if and only if [MP]; 3 > 0 for all
i€ Nand, Y. (=1)"(=3)[MP);7>0forall S>i,S # {i}. O
TDON\S
T#N,T>i
At last, we present the properties of the complementary dividend sharing
matrices with reference to the marginal contribution vectors.

Proposition 6.4.8. For any game (N,v) and any permutation © € IV, the
marginal contribution vector m™(v) be of the form m™(v) = MP" - A?, where
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the complementary dividend sharing matriz MP" is given by
1, ifri={i}, SCN\x;
M7 )is=q =1, ifn' #{i}, SCN\(x'\{i}), § >

0, otherwise.

Proof. For any game (N,v) and any permutation = € II"V, by Definition 6.3.1
and Definition 2.1.4, we have

m™(v) = M v = M7 (M2)"1.A? = MP". A", where M?" = M7 (M2)~1.
By (6.3.1) and (6.4.1), for alli € N, S G N,

[Mﬁw]i,S = E : [Mqﬂ]i,T[(MA)_l]T,S - E : [Mqﬂ]i,T
TeQ TCN\S
T#0

Observing (6.3.1), there are at most two non-zero entries ([M?"]; i =1 and
[Mqﬂ]i,ni\{i} = —1) in each row of M7 . So [MP"]; ¢ = 1 if and only if

m C N\ S,and «*\ {i} € N\ S or «*\ {i} = 0.
That is to say, S = N \ 7, 7¢ = {i}. [MP"]; s = —1 if and only if
m\{i} CN\ S, 7"\ {i} # 0, and 7* € N\ S.

That is to say, 7 # {i}, S C N\ (7*\ {i}), S > 4. For the other cases, we
have [M?"]; s = 0. O

6.5 The extreme points of the Harsanyi set

A selector is a function A : Q@ — N with A(S) € S for every coalition S € €.
The set of all selectors on Q is denoted by AY. Obviously, the total number
of elements in A is I, s(:), denoted by m. For every selector A € AV,
we denote by MP" a dividend sharing matrix such that [MPA] A(S),s = 1 and
[MPA]j,S =0, forall S € Qandall j # A(S). Clearly, the set P of all dividend
sharing matrices is a convex set. Therefore, P is determined uniquely by its
extreme points. For every dividend sharing matrix MP, we denote by Mp
the vector of all entries [MP?]; s, S € Q,7 € N, indexed in lexicographic order
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firstly by S € 2 and secondly by 7 € N. Let 7/3\5 be the set of all vectors m,
MP € PH._ Then PH can be viewed as the solution set of the linear system:

> [M”]Z.S =1, forall S € Q;

i€S ’

> [Mp]is =0, forall Se;

i€S ’

[Mp]ijszo, for all S € Q2,7 € N.
Obviously, M? is an extreme point of PH if and only if the corresponding
vector M? is an extreme point of PH. For a linear system X (A,b) = {z €
R | Az = b}, where b € R" and A is a n x m matrix, it is known that an
extreme point of X (A,b) can be recognized by its carrier. The carrier K(x)

of a vector z is defined by
K(z) ={j [ =; #0}.
And one can show the following

Lemma 6.5.1 (Derks [18]). An element x of X(A,b) is an extreme point
if and only if its carrier is minimal, i.e., there is no y € X(A,b),y # x, such
that K (y) C K(z).

From this lemma, we derive the next proposition concerning the extreme
points of P denoted by Ex(PH).

Proposition 6.5.2. For the set P of all dividend sharing matrices, we have
Ex(PH)y = {M?" | A € AN},

Proof. By (6.2.4), for any MP € P, it holds that l;v - MP = 1’Q. So, for
every S € €O, there exists at least one player i € S satisfying [M?]; s > 0. We
choose one of these players i to be the selector of coalition S, i.e., A(S) = i.

Then we have K(M?") C K(M?). By Lemma 6.5.1, onlyﬂ]l/ﬂ’A with respect
to a selector A can be a candidate of extreme points of PH, i.e., only mrt
can be a candidate of extreme points of PH.

—~

Further, for any selector A € AV, the number of carriers of MP" equals
2™ — 1, and vectors corresponding to different selectors have different carriers.
From this, it is concluded that the matrices MpA,A € AN are all extreme
points of P, O
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The selector value corresponding to A is the value m” given by
m™(v) = MP" AY,  for all games (N, v).
The selectope S(v) for a game (N, v) is defined by
S(v) = Conv{m®™(v) | A € AN},

By Proposition 6.5.2, the Harsanyi set of any game agrees with the selectope.
The latter concept has been discussed recently by Derks et al. [16] and in-
troduced much earlier already by Hammer et al. [39] in a different way. The
Harsanyi set is convex due to the convexity of P¥. Its extreme points are
uniquely determined by the extreme points of P¥. From this, it seems to
be that the set of extreme points for Harsanyi set (selectope) has [, s(3)
candidates. They are m®(v), A € AY. Whereas, we will show later on that
most of them are repeated.

A game-theoretic characterization of the extreme points of the Harsanyi
set was first given in Vasil'ev [92], and independently, in Derks et al. [16].
They have shown that the Harsanyi set has a core-type structure.

Two games (N,v) and (N,w) are disjoint (see [90]) if AY(S) - A¥(S) =0
for all S € Q. Given a game (N, v), we define the two totally positive games
vt and v~ by

v = Z A’(Sug, v = Z —A"(S)ug,

S|Av(5)>0 S|Av(S)<0

where the sum over the empty set is defined to be the zero game v° with
every worth v°(S) =0, S € Q. Obviously, the games (N,vT) and (N,v~) are
disjoint, moreover,

From the convexity of the unanimity games if follows that every totally positive
game, a nonnegative linear combination of convex unanimity games, is convex
as well. The corresponding Harsanyi mingame (N,vg) of (N,v) is defined by

vi () = v (S) = (v7)*(S)
=v(S)+v (S)—[v (N)—v (N\S9)], for all S € Q.
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The dual game (N, (v~ )*) is concave since (N,v~) is a totally positive game.
So (N,—(v~)*) is convex. And hence the Harsanyi mingame (N, vg) is the
sum of two convex games. It is always convex for every game (N, v).

Theorem 6.5.3 (Derks et al. [16], Vasil’ev and van der Laan [95]).
The Harsanyi set of a game (N,v) equals the core of its Harsanyi mingame
<N7 vH)’

Since the Harsanyi mingame (N, vy ) is convex, the core C(vy) agrees with
the Weber set W (vg). Therefore, the Harsanyi set H(v) of the game (N, v)
equals the Weber set W (vy) of the Harsanyi mingame (N,vg). So, the set
of extreme points of the Harsanyi set H(v) = {m™(vy) | = € IV}, is the
set of marginal contribution vectors of the Harsanyi mingame. Therefore,
there are at most n! elements. Now we present a formula for calculating the
extreme point ex™ (H (v)), = € IV, of the Harsanyi set H (v), i.e., the marginal
contribution vector m™ (vy), © € IV, of the Harsanyi mingame (N, vg).

Theorem 6.5.4 (Derks et al. [16]). For a game (N, v) and any permutation
7 € IV, the corresponding extreme point ex™ (H (v)) of the Harsanyi set H(v)
s given by

exf(Hw)) = Y A (TUu{ih)— Y A" (TU{i}), foralli€ N.

TCri\{i} TCN\ré

Proof. Since for any 7 € IV, ex™(H(v)) = m™(vy), together with the
linearity of the marginal contribution and vy = v — (v™)*, we have, for any
player : € N,
ex] (H(v)) =m] (vy) = m] (v") —m((v7)")

= o (") — ot (w' \ {i}) — [(07)* (") — (07)* (" \ {i})]

=Y ATM = Y AT (N (¢ \ {i}) —vT (N \ )]

TCri TCri\{i}
= ¥ A“+(Tu{i})—[ oo oAM= ) A“_(T)]
TCri\{i} TCN\(xi\{}) TCN\ri

= Y AT(u{ih)- Y AT (TU{a). U

TCri\{i} TCN\xi
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By Theorem 6.5.4, we present a recursive algorithm for computing the
set of extreme points of the Harsanyi set of any game (IV,v), which is based
on constructing greedily two sequences of reduced games related to positive
dividends and negative dividends, respectively.

Recursive algorithm.

e Step 1. For a game (N,v), input its column vector v. Calculate its
dividend vector A = M2 . v, and derive the two dividend vectors A”+,

AY

e Step 2. Generate a permutation 7 € IIV, let ez (H(v)) = 0 for all

i€ N. Takei =1, Ny = N, and A?"" = A" Av'" = AV,
e Step 3. Do

expy(H©) = A (n(i)) = D A" (T).
T>7(3)

e Step 4. Let i =i+ 1 and N, = N; \ {n(4)}.

If i < n, construct two reduced games (N;,v*t) and (N;,v*~) by
(SU{r(i—1)}),
Avi_(s) = Av(i_l)_(s), for all S C N;.

(i-1)+

A (S) = AT (8) + AY

Return to Step 3.
Else, save the vector ez™(H (v)) and then return to Step 2.

From the point of view of the extreme allocated case, one can argue that this
allocation is far from profitable. By the formula in Theorem 6.5.4, the players
thereafter receive, one by one, the positive dividends of only those coalitions
where they are the last player, and the negative dividends of those coalitions
where they are the first player. View the procedure of the sequences of reduced
games: every player 7(i) in the queue  receives all negative dividends A~ (T)
of the coalitions T he is a member of, and his own dividend A" (7(:)). The
resulting vector is called a greedy allocation by Derks et al. in [16], because
looking in the reverse direction of the queue a player may grab all positive
dividends yet to come while leaving the negative dividends for the players
lower in the queue.
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6.6 The extreme points of the Weber set

As we discussed in Remark 6.3.10, it is pivotal to study the set of extreme
points of PV as well as of Q" for characterizing the Weber set. Recall that an
extreme point of a linear system X (A, b) can be recognized by its carrier and
the technique we have used for the set of extreme points of the Harsanyi set.
A linear system associated with P and QW is constructed in the following,
and their extreme points are studied in terminology of the carrier.

Let MP ¢ PV, M9 = MPM» € QY. Since [MP]; s = 0 and [MY]; 5 =
—[MY; suqiy, for all S € Q,i ¢ S, it is sufficient and necessary for MP, MY to
know all of these [MP]; ¢ and [MY]; s such that S € Q,7 € S. We construct
the following linear system:

> [Mp]iszl7 for all S € Q;

i€S ’

[MP], o — > [MY],,,=0, forall Se€Q,ielsS;
S 5 ;

[MP], >0, [M9], >0, forallSeQics.

El ’

For simplicity, we denote by p, ¢, p, ¢ the vectors of all entries of [MP?]; s, [M]; s,
[MP]; s and [M%); s, S € Q,i € S indexed in lexicographic order firstly by
S € Q and secondly by 7 € S respectively, and let ]5,\@ be the solution set of
the above linear system. From the definition of P and Proposition 6.3.4, it
is concluded that

P,Q={pyq| M? € PV M7= M"M> c QV}.
Therefore, ]S,VQ is convex bounded.

Theorem 6.6.1. The set of extreme points of P,Q is {W | e IIV}.

Proof. From Lemma 6.3.2 and Proposition 6.3.4, we know that W, nenN
are elements of ]3,\@ In the following, we show that these elements are the
only candidates for being extreme points in ]3:@ By Lemma 6.5.1, this is true
if we can prove that for each p,q € 15,\@, there is a permutation 7 such that

K(p™,q™) C K(p,q).
Let p,q € P,Q and MP,M? be the extension of p,q such that MP €
PW. M2 e QW. Since l/N -M?=(0,0,---,0,1), there exists i1 € N satisfying
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[M9];;,x > 0, and by [M9]; nx\i,y = —[M9;;,nv < 0, it follows that there
exists 1o € N \ {i1} satisfying [M9];, n\1i;3 > 0. This procedure can be
continued up to the coalition with a single player. We get a sequence of
players 1,42, -+ ,in satisfying [M9];; v > 0 and [M9]; n\{iyig,e v} > 0,
for r = 2,3,--- ,n. Denote Ny = N and N, = N \ {i1,%2, - ,ip—1}, for

r=2,3,---,n. From [MP]; s = ) [MY];r and monotonicity of MP, it can
T35
be deduced that [MP]; n, > 0, for r = 1,2,--- ,n, and [MP];, g > 0, for all

R>14,, RCN,.

Let m = (in,%p-1, - ,11) be the permutation of N. Then
Wir = {inain—lv T air} = Nr-

According to (6.3.1), we have [M?"]; g = 1 if and only if i =i, and S = N, for
r=1,2,---,n,and [M?]; s = 0 otherwise. By Lemma 6.3.2, we know that
[MP"]; s = 1 if and only if i = 4, and S 3 4,,S C N, for r = 1,2,--- ,n, and
[MP"]; s = 0 otherwise. Therefore, it holds that

—_—

K(p™,q™) C K(p,q).

By Lemma 6.5.1, only W with respect to a permutation 7 can be a can-
didate to be extreme point of ]5,\@ Since for any permutation m € IV, the
number of carriers of ﬁ_q/” equals n 4+ 2™ — 1, and elements corresponding to
different permutations have different carriers, it is concluded that the elements
W , ™ € IV are all extreme points. U

Alternative proof of Lemma 6.3.5. Let
P={p|M*eP"}, Q={q| M"cQ"}.

Then ]5, @ are the projections of ]S,ZQ on PV and QW respectively. They are

convex and so, Ex(P), Ez(Q) should be the projections of Ez(P,Q) on PV
and Q"W respectively. By Theorem 6.6.1, we have

Ex(P)={p" |m e}, Ex(Q)={q"|~ecn"}.
So for any MP € PV, M7= MPM*> € Q" and the corresponding vectors p €

ﬁ,qN € (), there are nonnegative weights A\, 7 € IV, satisfying > X\, = 1,
TellNy
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such that

P= > AprandG= > g

mellN wellV

Since [M?]; s = 0 and [MY]; s = —[M1]; g4y, for all S € Q,7 ¢ S, therefore,

MP =" AMP" and M7= Y A\ M.

melN rellNv

i.e., BEx(PW) = {MP" | 7 € IV}, and Ex(Q") = {M7 | 7 € IV}. O
Remark 6.6.2. Derks [18] applied a similar approach to study the extreme

points of the collection QW associated with the Weber set of all systems (vec-
tors) q = [¢7 ]35S such that

€S
Q(N)zquN:l; qZSZO,Zq;»g: Z qfu{j}, for all S € Qi€ S.
ieN icS JEN\S

As we mentioned in Remark 6.2.4, these equalities are used to access the pro-
cedure for gemerating the sequence of players in the permutation w. In our
approach, both PV and QW are considered in one linear system. The non-
member weights [MY]; ¢\ (s, for all S € Q, i € S, 8 # {i}, and the equalities

(M5 = =[MY; s\, S #{i}, D [MYr >0, forall S€Q,i€S,
TDS

yield a clearer procedure for generating the sequence of players in the permu-
tation T.

6.7 Some related matrix representations

We list some matrix representations involved in Chapters 2 and 6. Table 6.7.1
is about three bases and their relations in terms of the Moebius transformation
and its complementarity on the game space, the definitions and results can
be found in Chapter 2. Table 6.7.2 presents the Harsanyi payoff vectors with
respect to different sharing systems according to the objects distributed. Table
6.7.3 lists different representations for the Harsanyi set and the Weber set in
terms of three collections of different types of sharing matrices and the extreme
points of these collections.
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Basis Games Transformation Representation

{(N,es) | S€Q} unity

{{(N,ug) | S € 2} unanimity Moebius es = M> - ug
_ complementary  complementary A sA -

{{N,as) | 5 € Q} unanimity Moebius es =M™ -ug

Table 6.7.1: Bases of the game space and the corresponding
linear transformations

Vector Name Sharing matrix  ®P(v)/m™(v)

v worth M1 PP (v) = M7 - v
M m™(v) = M7 -

A" = M2 .y dividend MP OP(v) = MP - A?
MP" m”(v) = MP" - AY

Av = MA .y g‘i)filgéfﬁ‘emary MP OP(v) = MP - A
MP" m”(v) = MP" . A?

Table 6.7.2: Different sharing matrices for the Harsanyi payoff
vectors and marginal vectors

Solution Representation Extreme point/Relationship

Hw)= {M?-A"|MP e P} Ex(PH)={M""|Ac AV}
{Mq-v|quQH} QH — pH prA
{MP.Av | MP e PH} PH = pHpA

W)= {MP-A"|MPePV} Ez(PV)={MF |recllV}
{Mq-’v|MqEQW} oW — pW A
{MP.AY| MP e PV} PW = pW A

Table 6.7.3: Different representations for the Harsanyi set
and the Weber set






Conclusion

In this monograph, the algebraic representation and the matrix approach are
applied to study linear operators on the game space, more precisely, linear
transformations on games and linear values. In terms of the basic notion
of a coalitional matrix, these linear operators are represented algebraically
by products of the corresponding coalitional matrix and the worth vector.
We preform a matrix analysis in the setting of cooperative game theory, to
study axiomatizations of linear values, by investigating appropriate properties
of these representation matrices. Particularly, the Shapley value is the most
important representative. In summary, the concepts of eigenvalues, eigen-
vectors, null space, the diagonalization procedure and the similarity property
for matrices, the system of linear equations and its solution set, the Moebius
transformation and the complementary Moebius transformation, the basis for
a linear space and so on (see Table 4.5.1-4.5.3 and Table 6.7.1-6.7.3), can be
applied successfully to cooperative game theory. We conclude that the matrix
analysis is a new and powerful technique for research in the field of cooperative
game theory.

This monograph is an initialization for using systematically the algebraic
representation and the matrix approach in the research field of cooperative
game theory. There are still many more open problems. Recall some other
well-studied game-theoretic models. Cooperative games with coalition struc-
ture were initiated by Aumann and Dreze [3], then studied by Owen [68].
Later this approach was extended in Winter [100] to games with level struc-

ture. Another model of a game with limited cooperation, presented by means
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of communication graphs, was introduced in Myerson [64]. The generaliza-
tion of the Owen and the Myerson values, applied to the combination of both
models and resulting in TU-games with both independent coalition and co-
operation structures, was investigated by Vazquez-Brage, Garcia-Jurado, and
Carreras [97], and values for graph-restricted games with coalition structure
by Khmelnitskaya [51].

Multi-choice cooperative games introduced by Hsiao and Raghavan [46,47]
and van den Nouweland et al. [89] are natural extensions of traditional cooper-
ative games. Whereas in a traditional cooperative game each player may have
only two options concerning cooperation, being either active or inactive, in a
multi-choice context each player may have additional participation opportu-
nities on a finite set of activity levels. Results on multi-choice games can be
also found in Calvo and Santos [10], Calvo, Gutiérrez and Santos [11], Klijn,
Slikker and Zarzuelo [53], Peters and Zank [70]. Additionally, the reader can
look at the survey on multi-choice cooperative games in Branzei, Dimitrov,
and Tijs [9]. Another type of generalized cooperative games in characteristic
function form, called set games, was introduced by Hoede [45]. The worth of
a coalition for a set game is expressed by a set instead of by a real number as
for TU-games. A set game, is a triple (N, v,U), where N is a finite player set,
U denotes an abstract set, called universe, v is a mapping v: 2V — 2U satis-
fying v(0) = (0. The worth v(S) of a coalition S is a subset of the universe U.
For this class of games, the notion of values, being a solution concept similar
to those for TU-games, can be found in Sun [79], Sun and Xu [82], Sun and
Driessen [81], Sun et al. [80,83].

In terms of the algebraic approach, we present another game model with
respect to an Abelian group as follows. A group game, is a triple (N, v, F),
where N is a finite player set, F denotes an Abelian group with operation @,
v is a mapping v: 2V — F satisfying v(()) = e, where e is the unit of group
F. So the worth v(S) of a coalition S is an element of the group F. For any
group game (N, v, F), the Shapley value Sh(N,v,F) can also be defined as

(s=D)!(n—3s)!
Shi(N,v,F) = @ [v(S) @ v (S\ {i})] = , foralli€N,

SCN
S5i
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where [v(T)]% = v*(T) @ [v*(T)] ", for all T € Q and a,b € N.

The main question is how to use the matrix approach or the general-
ized algebraic approach for studying these models of cooperative games and
the corresponding values. It looks like that there exists indeed a possibility
for modelling. For instance, cooperative games with limited cooperation and
their values may be modelled as coalitional matrices with some special blocks.
Continuing what we started in this monograph, to investigate these algebraic
models and corresponding solution concepts in cooperative game theory will

be an important part of our future work.
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Moebius transformation, 28
row(column)-, 28
suqgare-, 28
worth sharing, 115
coalitional monotonicity, 20
complementary dividends, 13
complementary game, 4

complementary Moebius transforma-

tion, 31, 132
complementary unanimity game, 13,
31

consistency, 81, 87

constant-sum, 4
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continuity, 15, 55, 61, 70, 73
cooperative game, 3

core, 8,9, 22, 138
covariance, 15, 88, 91

desirability, 14

dividend sharing system, 113

dividends, 12

dual game, 4, 12, 28, 58

dual similar associated consistency,
61, 62

dual similar associated game, 57

dummy player, 14

dummy player property, 14, 17, 35

efficiency, 7, 14, 17, 19, 20, 22, 67,
117, 118

equal allocation of nonseparable cost
value, 10

equal treatment property, 14

extreme point, 122, 125, 136, 138,
140

game, 3
additive, 4
concave, b
convex, 5
inessential, 4
monotone, 4
simple, 4
superadditive, 4
totally positive(negative), 117

greedy allocation, 139

group game, 146

Index

Harsanyi mapping, 114

Harsanyi mingame, 137

Harsanyi payoff vector, 113, 115, 130

Harsanyi set, 114, 115, 117, 121,
125, 126, 130, 135, 138

imputation set, 7

individual rationality, 14

inessential game property, 14, 18,
19, 55, 61

inverse Pascal triangle condition, 83,
94

kernel, 9

least square prenucleolus, 18

least square value, 19
lexicographic order, 11

linear system, 136

linearity, 14, 17, 18, 22, 67, 117, 118

marginal contribution, 5

marginal contribution monotonicity,
14

marginal contribution vector, 21, 120

Moebius transformation, 31, 115

monotonicity, 14, 18, 22, 122, 133

normalization condition, 17
nucleolus, 9, 10

null player, 14

null player property, 14, 22, 118

path-independent, 89, 108
payoff, 6
payoff vector, 6
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player, 3

player set, 3
positivity, 117, 118
pre-imputation set, 7
prekernel, 9
prenucleolus, 9, 10
pseudokernel, 81

quasi-balanced, 10

random order value, 22

reduced game, 80

B-, 88, 89, 91
Byy-, 106
Wh-linearly, 107
m-, 95

p-version B-, 90, 94, 101, 104
complement, 82
generalized Sobolev’s, 98, 100
linearly, 94
max, 81
self-, 82
Sobolev’s, 88, 89
reduced game property, 81, 87

representation matrix, 33

selectope, 114, 137

selector, 135

selector value, 137
self-duality, 14, 43
semivalue, 17

separable cost vector, 10

set game, 146

Shapley standard matrix, 41
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Shapley value, 9, 15-18, 20-22, 27,
40-42, 46, 54, 55, 61, 67,
75, 88, 98, 113, 133, 146

sharing value, 113

solution mapping, 6

standardness for two-person games,
91

strategic equivalence, 15

strong monotonicity, 21

strongly monotonic, 127

subgame, 4

subsitute, 15

substitution property, 15

symmetry, 14, 17, 18, 67, 88, 91

unanimity game, 12, 31
unity game, 11, 31
universe, 146

utopia vector, 10

Weber mapping, 22

Weber set, 17, 22, 119, 125, 126,
133

Weber value, 35

weighted Shapley value, 17

worth, 3
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